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Abstract 

We show that certain naturally arising cones over the main component of a moduli space of 
Jg-holomorphic maps into P" have a well-defined euler class. We also prove that this is the case 
if the standard complex structure Jo on P" is replaced by a nearby almost complex structure J. 
The genus-zero analogue of the cone considered in this paper is a vector bundle. The genus-zero 
Gromov-Witten invariant of a projective complete intersection can be viewed as the euler class 
of such a vector bundle. As shown in a separate paper, this is also the case for the "genus- 
one part" of the genus-one GW-invariant. The remaining part is a multiple of the genus-zero 
GW-invariant. 
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1 Introduction 

1.1 Motivation 

The GW-invariants of symplectic manifolds have been an area of much research in the past decade. 
These invariants are however often hard to compute. 

If y is a compact Kahler submanifold of the complex projective space P", one could try to compute 
the GW-invariants of Y by relating them to the GW-invariants of P". For example, suppose Y is 
a hypersurface in P" of degree a. In other words, if 7 — > P" is the tautological line bundle and 

Y = s-\0), 

for some s G //'^(P";£) such that s is transverse to the zero set. If g, k, and d are nonnegative 
integers, let 9Jlg^fc(P"', d) and 9Jlg^fc(y, d) denote the moduli spaces of stable Jo-holomorphic degree-d 
maps from genus-*? Riemann surfaces with k marked points to P** and Y, respectively. These mod- 
uli spaces determine the genus-*? degree-d GW-invariants of P" and Y. 

By definition, the moduli space Tlg^k{Y, d) is a subset of the moduli space 9}Tg^fc(P", d). In fact, 

Tlg,k{y,d) = {[C,u]GMg,fc(P",d):sou = OGF°(C;u*£)}. (1.1) 

Here [C, u] denotes the equivalence class of the holomorphic map u : C — >P" from a genus-5 curve C 
with k marked points. The relationship (|1.1|) can be restated more globally as follows. Let 

7rg^,fc:il3,fe(P",(i)^Mg,fc(P",d) 

be the semi-universal family and let 

ev^,,:il,,fc(P",d)^P" 

be the natural evaluation map. In other words, the fiber of vr^^ over [C,u\ is the curve C with k 
marked points, while 

ev'^l^[[C,u;z])=u{z) if zeC. 

We define the section s^ ^ of the sheaf vr^,fc^ev^*;.£ — >Mg,fc(P", d) by 

sl,{[C,u]) = [sou]. 

By (|1.1() . 9Jtg_fc(y, d) is the zero set of this section. 

The previous paragraph suggests that it should be possible to relate the genus-f? degree-d GW- 
invariants of the hypersurface Y to the moduli space 9Jtg^fc(P", d) in general and to the sheaf 

<fc*ev^*,£^M5,fc(P",d) 

in particular. In fact, it can be shown that 

GWl,{d;i^)^{ij, [mo,k{Y,d)Y''') = {^ • e«,,ev^;^,£), \mo,kir\d)]) (1.2) 



for all 'ipeH*{Tlo,k(^'^,d);Q). The moduli space 9Jlo,fc(IP",d) is a smooth orbivariety and 

<fc*ev^:fc£^^o,fc(IP",d) (1.3) 

is a locally free sheaf, i.e. a vector bundle. Furthermore, 

dimcMo,fc(P",d) = d{n+l) + (n-3) + k, rkc<fc*ev[f*fc^ = (ia + 1, 
and dim^*''mio,fc(y,d) = d(n+l - a) + (n-1 - 3) + A:. 

Thus, the right-hand side of H1.2|) is well-defined and vanishes for dimensional reasons precisely 
when the left-hand side of H1.2|) does. In other cases, the right-hand side of (|1.2() can be computed 
via the classical localization theorem of |ABj , though the complexity of this computation increases 
rapidly with the degree d. 

If 5f>0, the sheaf t^q k*^^q*k^ — >^3,fc(IP"i d) is not locally free and does not define an euler class. 
Thus, the right-hand side of H1.2|) does not even make sense if is replaced by g > 0. Instead one 
might try to generalize H1.2|) as 

GWl,{d■,^l^)^{i;,[Tlg,k(Y,d)Y''^) 

where -RV^ ^^ev^*^£ — >97tg jt(P",(i) is the ith. direct image sheaf. The right-hand side of H1.4|) can 
be computed via the virtual localization theorem of GPl . However, 

N,{d)^GWl,{d;l) + (e(i?V,o*evtoii-^V^,o*evto£), pl(P^ d)]"'^), 
according to a low-degree check of |(tP2j and [Kj for a quintic threefold ycP''. 



As shown in ^LZ, , a g = l analogue of the role played by the euler class of sheaf (|1.3j) is played by 
the euler class of the sheaf 

<fc*evt,£^M?,fc(P",d), (1.5) 

where 9Jl]^^(P",d) is the primary, algebraically irreducible, component of 9Jli^fc(P",d). In other 



words, dJtii^(F"',d) is the closure in 9Jli^fc(P",d), either in the stable-map or Zariski topology, of 
the subspace 

ajt?_fc(P",d) = {[C,u]eMi,fe(P",d): C is smooth}. 

One of the results of this paper is that the euler class of the sheaf (|1.5|) is in fact well-defined: 
Theorem 1.1 Ifn, d, and a are positive integers, k is a nonnegative integer, £ = 7**^" — ^P", 

7rf,,:ili,fc(P",d)-^M?,,(P",d) 
is the semi- universal family, and 

evf^,:ili,fc(P",d)-^P" 
is the natural evaluation map, the sheaf 

<fc*evt,£^M?,,(P",(i) 



determines a homology class and a cohomology class on dJli f.{¥^,d): 

and e«,,evfU) G H^^-0ij¥^, d);Q). 



Remark: If ai, . . . , a^ G Z^ and 

then the sheaf nf f,^evf*j^il is the direct sum of the sheaves corresponding to the hne bundles 7**^"'. 
Thus, Theorem 11.11 apphes to any spht vector bundle over P". 

One way to view the statement of this theorem is that the sheaf ()1.5|) admits a desingularization, 
and the euler class of every desingularization of H1.5|) is the same, in the appropriate sense. This is 
not the point of view taken in this paper. However, one approach to computing the number 

(V,PD^^^(p„^^^(e(7rf,fc,evf*,£))> = {^ ■ e{nl,,evi%2) , [Tl%{F\d)]) (1.6) 

for a natural cohomology class '0G-ff*(9Jli^fc(P",(i); Q) is to apply the localization theorem of jAB 
to a desingularization of (|1.5|) . In |VZj , we consi 
i.e. a smooth orbivariety OK^ ^(P", d) and a map 



to a desingularization of (|1.5|) . In |VZj . we construct a desingularization of the space DJli f,{F'^ , d) , 



7r:ml,{F^,d)^ml,i¥^,d), 

which is biholomorphic onto dJl^ feC^"' '^)- This desingularization of 9Jl^ fe(IP"! d) comes with a desin- 
gularization of the sheaf (|1.5|) . i.e. a vector bundle 

Hk -^ ^U.(IP", cl) s.t. n^Vl, = 4,kM%i^. 
In particular, 

{i; ■ e{4M^vf:,£) , [M?,,(P", d)] > = (^> • e(Vf, J, [M?,,(P«, d)] >. (1.7) 

Since a group action on P" induces actions on VJi^ f^{¥"' , d) and on Vf^, the localization theorem 
of |ABj is directly applicable to the right-hand side of (jl.Tf) . for a natural cohomology class tp. 

Before the results of LZ were announced, no positive-genus analogue of H1.2|) had been even con- 
jectured. On the other hand. Theorem 11.11 sugerests a natural genus-one analogue of (|1.2|1 . which 
is proved in |LZj . and a conjectural extension of ()1.2() to higher genera, which is stated in |LZj . 



Theorem 11.11 is the J = Jq case of Theorem 11.21 which is stated in Subsection 11.31 In the next 
subsection, we describe the main topological arguments that lie behind the proof of Theorems ll.il 
andO 



1.2 General Approach 

In this paper, we view Theorem II .11 as a statement about a certain (orbi-)cone 

7r:Vf,,^M?,,(P",d). (1.8) 

In other words, vr is a continuous map between topological spaces such that every fiber of vr is a 
vector space, up to a quotient by a finite group, and the vector space operations are continuous. 
In this case, 

^i'fc|[C,n]^^"'([C>«])=^°(C;n*£)/Aut(C,n). 

Furthermore, the space 971^ fc(IP") d) is stratified by smooth orbifolds, and the restriction of Vf f, to 

every stratum of 9Jl;^ ^(P",^) is a smooth vector bundle. We will show that the cone ()1.8|1 admits 
a continuous multisection (/? such that 

(VI) V'IfjjfO (pn ,^) is smooth and transverse to the zero set in Vfj^\^ (P",d)) ^^'^ 

(V2) the intersection of c^~^(0) with a boundary stratum of 9Jti ^-(P"', d) is a smooth suborbifold 
of the stratum of real dimension of at most 2{d(n+l — a) + k) — 2. 
These two properties, along with the structure of the space Tli ^(P",(i), imply that {p~^{0) deter- 
mines an element of -f^2d(ra+i-a)+2fc(^i,fc(IP'"'i d); Q). We will also show that for any two continuous 
sections fo and fi of H1.8|) satisfying (VI) and (V2), there exists a continuous homotopy 

cl>:[0,l]xM?,,(P",a!)-^Vf,, 
such that ci>|^^^^_o^^^^^^^=y,, for t = 0,l, 

(VI') ^|[o,i1xoto (P",d) is smooth and transverse to the zero set in [0, 1] xVf ^\fjjf (P",d); ^-^id 

(V2') the intersection of <I>~^(0) with a stratum of [0, 1] xDJli ;j(P",(i) is a smooth suborbifold 
of the stratum of real dimension of at most 2(d{n+l — a) +k) — 1. 
The existence of such a homotopy implies that 

ivo'm = [(pr'(o)] G H2idin+i-a)+k)mlkOP''',dy,q). 

We call this homology class the Poincare dual of the euler class of the cone (|1.8j) and of the 
sheaf (1131) . 

The key fact we use in constructing a section 99 of ()1.8() satisfying (VI) and (V2) is Proposi- 
tion EHl This proposition implies in particular that on a neighborhood of each boundary stratum 
of Til fc(^P'") d) the cone Vf^, contains a complex vector bundle of a rank sufficiently high to insure 
that a generic multisection ip of this bundle satisfies (V2). 

Any homology class X G H2da{'^i ki^""! d);Q^) can be represented by a pseudocycle 

/x:Mx^M?,fc(P",d). 

Here Mx is a compact topological space which is stratified by smooth orbifolds, such that the main 
stratum M^ of Mx is an oriented orbifold of real dimension 2da, while the complement of M^ in 
Mx is a union of orbifolds of real dimension of at most 2da — 2, and fx is a continuous map such 



that the restriction of fx to each stratum of Mx is smooth. In particular, every stratum of Mx 
is mapped into a stratum of 9Jt^ fc(IP", d); see Chapter 7 of |MSj for a discussion of pseudocycles in 
the basic manifold case. If (/? is a section of H1.8() satisfying (VI) and (V2), we can also require that 

i^xi) fx{Mx)n^~Ho) c ml,{¥^,d), fx'i'p-Ho)) c mo ; 

{<^X2) fx\M° intersects ip~^{0) transversally in Tl^ j^{F"- , d) . 
These assumptions imply that 93~^(0)n/x(-/Vf^) is a compact oriented zero-dimensional suborbifold 
of 97l0^fc(P",(i). We then set 

(e«..evf:,£),X>= ^\^-\0)nfxiM^x)l (1-9) 

where |-Z| denotes the cardinality of a compact oriented zero-dimensional orbifold Z, i.e. the num- 
ber of elements in the finite set Z counted with the appropriate multiplicities. 

If fx,o ■■ Mxfi — ^MJ fc(P", d) and fx,i : Mxa — ^MJ ^(P", d) are two pseudocycles satisfying {^Xl) 
and {ipX2), we can choose a pseudocycle equivalence 

F:M — .Mi_fc(P",d) 

between /x,o and fx,i such that 

(99X1') F(M)nv9-i(0) C 9JI°^^,(F",d), F-i(v3-i(0)) C M°; 

(V9X2') Flj^^o intersects VJ-^O) transversally in 371° ;, (P" , d) . 
These two assumptions imply that (/?~^(0)nF(M'^) is a compact oriented one-dimensional suborb- 
ifold of 9Jt0^fc(P",d) and 

a(<^-i(o)nF(AfO)) = (^-i(0)n/x,i(M^,i) - vp-^(0)n/x,o(M^,o) 

^ ±|v9-i(o)n/x,o(M%)| = ±|<^-i(o)n/x,i(MO,i)|. 

Thus, the number in (|1.9j) is independent of the choice of pseudocycle representative fx for X 
satisfying [i^Xl) and (99X2). 

Similarly, if 939 and (/?i are two multisections satisfying (VI) and (V2), let $ be a homotopy between 
ifQ and 99i satisfying (VI') and (V2'). We can then choose a pseudocycle representative 

/x:Mx^M?,fc(P",d) 

for X such that 

($X1) /x(Mx)n$-i(0) C 2Jt;,(P",d), /^i(<I>-i(0)) C M^; 

($X2) /xImo. intersects $-^(0) transversally in 971° ;,(P", d), 
and fx satisfies (93^2) with ip = (po and (/? = 99i. These assumptions imply that ^^^{0)r\fxiM^) 
is a compact oriented one-dimensional suborbifold of DJ]^ j^iF"^ , d) and 

a($-i(o)n/x(M^)) = 99r'(0)n/x(M0 ) - v9-i(0)n/x(M0 ) 
^ >o-i(o)n/x(M^)|= >r'(o)n/x(M^)|. 

Thus, the number in (|1.9|) is independent of the choice of section cp satisfying (VI) and (V2). We 
conclude that (|1.9() defines an element of 

Hom(F2,a(M° (P",d);Q);Q) = ^^^-(M" (F", d); Q). 



We call this cohomology class the euler class of the cone ()1.8|) and of the sheaf ()1.5() . 



We note that the existence of a continuous section 99 of H1.8() satisfying (VI) and (V2) implies that 
the euler class of every desingularization of ()1.8(1 . or of p.5|l . is the same, in the appropriate sense, 
for the following reason. If 
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is a desingularization of the cone p.8|) . or of the sheaf H1.5() . the section ip induces a section (p of 
the vector bundle 

such that (p = ^ on 9Jl5^(P",(i) and (^"-^(0) — 971^ fc(^"' '^) ^^ ^ finite union of smooth orbifolds of 
real dimension of at most 2[d{n + l — a) + k) — 2. Suppose X ^H2da{^ik(^^->d);'^) is represented 
by a pseudocycle 



and 



V'. 
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^,fc(P»,d) 



/x:Mx^aJli,fe(P",d), 



X Gi/2{d(n+l-a)+fc)(2j^0^^(pn^^).( 



Hom(F2(rf(„+i_,)+fe)(97ti,fc(P",d); 



is the Poincare dual of X, i.e. the element constructed by intersecting 2{d{n + 1 — a) + A;)- 

pseudocycles with fx{Mx)- The Poincare dual of the cohomology class 7f*V'x in ^Jt^ a;(^"' '^) 
can then be represented by a pseudocycle 



fx-Mj, 



TtiJW^,d) s.t. 



Mi C M|, /^(M^-M^) C ^-i(/x(Mx-Mi)), 



and /^|^^^=/^|^^^ : M^ ^ 97t'J,,(P",d) C 9Jli,fc(P",d),9Jl^,,(P",(i). 

Our assumptions on (p and /x then imply that all intersections of /-^(M-^) with (p^^{0) are con- 
tained in /j^(M^)n9Jl5 ^(P"',(i), are transverse, and correspond to the intersections of fxiMx) 
with c^~^(0). Thus, 



(rvx • e{vl,), [ml,{¥-,d)])= ±|^-i(o)n/^(M^)| 

= Mip-\o)nfxiMx)\. 



(1.11) 



In particular, the left-hand side of (|l.lip depends only on the homology class X used in construct- 
ing the cohomology class ipx and is independent of the desingularization (|1.1UJ) . 



The above argument also shows that if the cone H1.8() admits a multisection ^p satisfying (VI) 
and (V2) and admits a desingularization as in (jLlOj) . then the number 

{e{Vl,),X) ^ {n^x • e(Vf,,), [ml,{F\d)]) 

is well-defined for every homology class X on dJl^ )^{¥"' , d) . Thus, the euler class e{Vf f^) of the 
cone ()1.8() and the sheaf (jl.Sj) is also well-defined. In particular, the existence of homotopies 
satisfying (VI') and (V2') is not absolutely necessary for showing that the euler class of (|1.8j) is 
well-defined. 

1.3 Main Result 

While the standard complex structure Jq on P" is ideal for many purposes, such as computing 
obstruction bundles in the Gromov-Witten theory and applying the localization theorems of |ABj 
and jGPlj . it is sometimes more convenient to work with an almost complex structure J on P" 
obtained by perturbing Jq. For this reason, we generalize Theorem 11.11 to almost complex struc- 
tures J that are close to Jq. 

We denote by Xg^kO^^,d) the space of equivalence classes of stable degree-d smooth maps from 
genus-5 Riemann surfaces with k marked points to P". Let X° ^(P"', d) be the subset of Xg^fc(P", d) 
consisting of stable maps with smooth domains. The spaces Xg_fc(P",(i) are topologized using 
L]'-convergence on compact subsets of smooth points of the domain and certain convergence re- 
quirements near the nodes; see Section 3 in |LTj for more details. Here and throughout the rest of 
the paper, p denotes a real number greater than two. The spaces j£g^fc(P"',(i) are stratified by the 
smooth infinite-dimensional orbifolds Xt(P") of stable maps from domains of the same geometric 
type and with the same degree distribution between the components. The closure of the main 
stratum, X°;,(P",d), is Xg,fc(P",d). 

Using modified Sobolev norms, |LTj also defines a cone Tg^f:{TF'^,d) — > jtg^fc(P",(i) such that the 
fiber of Tg^kiTF'^, d) over a point [6] = [E, j; n] in Xg^k(F^, d) is the Banach space 

rg,fc(TP",(i)|^ = r(6;rP")/Aut(6), where r(6;rP") = Lf (S;u*rP"). 

The topology on rgfc(TP"',(i) is defined similarly to the convergence topology on j£g fc(P"',(i). If 
£ is the line bundle 7*®°^ — >P", let Tg^k{^,d) — >Xg,fe(F",d) be the cone such that the fiber of 
Tg^k{£^,d) over [6] = [S,j;u] in Xg^fc(P",(i) is the Banach space 

rg,fc(£,d)|^ = r(6;£)/Aut(6), where r(5;£) = LP(S;u*£), 

and the topology on Tg^k{^-,d) is defined analogously to the topology on Tg^k(F^,d). 

Let V denote the hermitian connection in the line bundle 2, — > P" induced from the standard 
connection on the tautological line bundle over P". If (S, j) is a Riemann surface and u: S — >P" 
is a smooth map, let 

V": r(S;n*£) — > r(S;r*s®u*i:) 

be the pull-back of V by u. If h= {T,,j; u), we define the corresponding 5-operator by 

dv,b:r{J:-u*£)^T{^;Al}T*^^u*£), ^v.^C = J (V"^ + iV"^ o i) , (1-12) 



where i is the complex multiphcation in the bundle u*£ and 

A^^JT*^(^u*2= {r]£Rom(T^,u*il):r]oj = -ir]}. 

The kernel of 9v,6 is necessarily a finite-dimensional complex vector space. If u : S — > P" is a 
(Jo)i)-holomorphic map, then 

is the space of holomorphic sections of the line bundle u*£ — >(S,j). Let 

Vjfc = {[b,^]erg,k{^,d): [6]eXg,fc(P",(i), eeker^v.^c rg,k{b;£)} c rg,k{^,d). 
The cone V^^ — >Xg^fc(P",d) inherits its topology from Tg^k{^,d). 

If J is an almost complex structure on P", let 9Jtg^fc(P'^, d; J) denote the moduli spaces of stable 
J- holomorphic degree-d maps from genus-g Riemann surfaces with k marked points to P". Let 

97t°^fc(P",d; J) = {[C,u]GMg,fe(P",(i;J):Cissmooth}. 
We denote by ^^^(P", d; J) the closed subset of Mi,fc(P", d; J) containing 9?l?^fc(P", d; J) defined 

:^0 



in [ZH. If J is sufficiently close to Jq, 9^1 ^(P", d; J) is the closure oim1,.{F"', d; J) in 9Jli,fc(P", d; J). 

We describe the structure of 9Jl^ fc(lP") f^; <^) in this case in Lemma l2.4l below. Finally, let Z"*" denote 
the set of nonnegative integers. 

Theorem 1.2 Ifn,d,a&Z^ and k^zZ^ , there exists 6nid, a) €zM'^ with the following property. If J 
is an almost complex structure on P" such that \\J—Jo\\c'^ <^n{d, a), the moduli space QJl^ ^(P", d; J) 
carries a fundamental class 

[M?,,(P",(i; J)] G //2Wn+i)+fc)pM(iP",'i; J);Q). 

Furthermore, the cone Vf^ — > JCi^fc(P'^, d) corresponding to the line bundle 2, = ^*®°" — >P" deter- 
mines a homology class and a cohomology class on 9Jtxjj(P", d; J): 

™OT?,,(P",d; J) {<Kk)) e ^2{d(n+l-a)+fc) (^,;^(P", d; J)', Q) 

Finally, ifW — >Xi^k(J^^,d) is a vector orbi-bundle such that the restriction ofW to each stratum 
Xr(P") o/Xi,fc(P") is smooth, then 

{e{W)-e{Vl,), [M?,,(P",d; J)]> = (e(W) • e(Vf,,), K,(P",d)]>. (L13) 



Remark: This theorem remains valid if the compact Kahler manifold (¥'^,ujo, Jq), positive inte- 
ger d, the holomorphic line bundle £ = 7*'^'^ — >P", and the connection V in £ are replaced by a 
compact almost Kahler manifold {X,uj,Jq), a homology class A£ H2{X;'Z), and a split positive 



vector bundle with connection (£, V) — > X such that the almost complex structure Jq on X is 
genus-one ^-regular in the sense of Definition ?? in |Z5j . 



It is well-known that the standard complex structure is genus-one d^-regular, where i£H2{T''^;1') 
is the homology class of a line. Thus, if J is an almost complex structure on P" which is close to Jq, 
Corollary ?? and Theorem ?? in Z5^ imply that ^^fc(P",d; J) is the closure of 9Jt?fc(P",d; J) in 

^i fc(P"', d; J) and is contained in a small neighborhood of dJti ^(P"', d) in Xi^fc(P"', d). In addition, 
the stratification structure of the moduli space Tli ^,(P", d; J) is the same as that of 971^ ki^^^ ^)'i 
see Lemmas 12.31 and 12.41 below. Thus, 9Jl^ ^(P",(i; J) carries a rational fundamental class; see the 



paragraph at the end of Subsection ?? in [Z 

The two remaining claims of Theorem II. 21 are the subject of Proposition 13. 11 The restriction of the 
cone Vfi^ to QJl^ feC^"' ^' '^) ^^ ^ complex vector bundle of the expected rank, i.e. da. The cone V^^ 
admits a multisection if that satisfies the analogues of (VI) and (V2) for ^^ ^(P"',(i; J). As in the 
previous subsection, the zero set of this section determines a homology class in real codimension 
2da and a cohomology class of real dimension 2da. On the other hand, if J = (</t)te[o,il is a smooth 
family of almost complex structures on P" such that Jt is close to Jq for all t S [0, 1], the moduli 
space 

M?,,(P",d;J)EE (JOT?,,(P^d;Jt) 

tG[0,l] 

is compact, by Theorem ?? in |Z5j . We can construct a multisection $ of the cone Vf^ over 

9Jti^fc(P"',(i; J) with properties analogous to (VI) and (V2). If W — > jei^fe(P",d) is a complex 
vector bundle of rank d{n + l — a) + k as in Theorem 11.21 we can choose a section F of W over 

9Jlxjj(P"',d; J) such that <I'^^(0) nF^^(O) is a compact oriented one-dimensional suborbifold of 

9Jt;'fc(P",^; J) and 



a($~^(0)nF-^(0)) =$"^(0)nF-^(0)n9Jl?^fc(P",d;Ji)-$"^(0)nF-^(0)n9Jt;fc(P",d;Jo) 

^ ^|$"^(0)nF-^(0)n9Ji?^fc(P",(i;Ji)| = ^|$"^(o)nF-^(o)naji?^fc(P",d)|. 

This equality implies H1.13() . 

In the next section we first summarize our detailed notation for stable maps and for related ob- 
jects. We then describe the structure of the moduli space dJlii.{F'^ , d; J) . In Subsection 13.11 we 
deduce Proposition 13. 11 from the descriptions of the local structure of the cone Vf j^ that appear in 
Subsections 13. 21 and 13. 31 The key results of this paper. Proposition 13 . 31 and Lemma 13.41 are proved 
in Section 0] by extending the gluing construction of Section ?? in ;Z5j from stable J-holomorphic 
maps to holomorphic bundle sections. 

2 Preliminaries 

2.1 Notation: Genus-Zero Maps 

We now summarize our notation for bubble maps from genus-zero Riemann surfaces with at least 
one marked point, for the spaces of such bubble maps that form the standard stratifications of 
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moduli spaces of stable maps, and for important vector bundles over them. For more details on 
the notation described below, the reader is referred to Subsections ?? and ?? in IZ5I . 



In general, moduli spaces of stable maps can stratified by the dual graph. However, in the present 
situation, it is more convenient to make use of linearly ordered sets: 

Definition 2.1 (1) A finite nonempty partially ordered set I is a linearly ordered set if for 

all ii,i2,h£l such that ii,i2<h, either ii< 12 or i2<ii. 

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists 

G I such that 0<i for all i£l . 

If / is a linearly ordered set, let I be the subset of the non-minimal elements of /. For every hGl, 
denote by i^h^I the largest element of / which is smaller than h, i.e. t/i = max|zG/ : i</i|. 

If M is a finite set, a genus-zero P"-valued bubble map with M-marked points is a tuple 

b= {M,r,x,{j,y),u), 

where I is a rooted tree, and 

x:i — >C = S^-{oo}, j:M — >I, y: M — ^C, and u: I — >C'^{S^;¥'') (2.1) 

are maps such that Uh{oo) = u,,i^{xh) for all h£l. Such a tuple describes a Riemann surface T,b and 
a continuous map Ub : '^b — >P". The irreducible components Sf,^j of Tib are indexed by the set / 
and Wfelsj, j =Ui. The Riemann surface E^ carries a special marked point, i.e. the point 

yoW = (6,oo)GS,_6 

if is the minimal element of /, and \M\ other marked points, {ji,yi)&T,bji with IgM. 

The general structure of genus-zero bubble maps is described by tuples 

T=iM,I;j,d), 

where d : I — > Z is a map specifying the degree of Ub\T,tiJ if ^ is a bubble map of type T. We 
call such tuples bubble types. Let Uri^'^] J) denote the subset of 9?lo,{o}uA/(lP") c^; J) consisting of 
stable maps [C; u] such that 

[C;u] = [(Sfc,(6,oo),(j/,yi)/eM);^t6], 
for some bubble map b of type T. We recall that 

Z^r(P"; J) = Z^r ^(P"; J)/Aut(T) oc (5^)^ 
for a certain submanifold Uj- [F"^; J) of the space Tiq-iF^^J) of J-holomorphic maps into P" of 



type T, not of equivalence classes of such maps; see Subsection 2.5 in |Z3j . For /e{0}UM, let 

ev/ : Z^r(F"; J)Mr^ (P"; J) — > P" 
be the evaluation maps corresponding to the marked point yi. 

11 






Figure 1: Some Enhanced Linearly Ordered Sets 

2.2 Notation: Genus-One Maps 

We next set up analogous notation for maps from genus-one Riemann surfaces. In this case, we 
also need to specify the structure of the principal component. Thus, we index the strata of the 
moduli space Tli^MiP^,d; J) by enhanced linearly ordered sets: 

Definition 2.2 An enhanced linearly ordered set is a pair (/, H), where I is a linearly or- 
dered set, 'ii is a subset of Iq x Iq, and Iq is the subset of minimal elements of I , such that if 
\h\>l, 

^ = {{ii,i2),{ii,h),---,{in-i,in),{in,h)] 

for some bijection i: {1, . . . , n} — >/o- 

An enhanced linearly ordered set can be represented by an oriented connected graph. In Figure ^ 
the dots denote the elements of /. The arrows outside the loop, if there are any, specify the partial 
ordering of the linearly ordered set /. In fact, every directed edge outside of the loop connects a 
non- minimal element h of I with Lh. Inside of the loop, there is a directed edge from ii to 22 if and 
only if {ii,i2)^'^- 

The subset b^ of /q x Iq will be used to describe the structure of the principal curve of the domain 
of stable maps in a stratum of the moduli space 97ti^A./(P"', d; J). If N = 0, and thus |/o| = 1) the 
corresponding principal curve S^ is a smooth torus, with some complex structure. If H 7^ 0, the 
principal components form a circle of spheres: 

\_\{i}xS'^^/ r^, where (ii,oo) ~ (^2,0) if (n,Z2)G^- 

A genus-one P^-valued bubble map with M-marked points is a tuple 

b= {M,I,i<;S,x,{j,y),u), 

where S is a smooth Riemann surface of genus one if H = and the circle of spheres S^ otherwise. 
The objects x, j, y, u, and (Sfe,iife) are as in the genus-zero case above, except the sphere S^g is 

replaced by the genus-one curve S^^h = 5". Furthermore, if K = 0, and thus /q = {0} is a single- 
element set, Uq G C°°(5; P"). In the genus-one case, the general structure of bubble maps is encoded 
by the tuples of the form 

r=(M,/,H;j,d). 
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hi /i2 




Figure 2: An Example of the Decomposition ()2.2|1 



Similarly to the genus-zero case, we denote by Z//r(P"; J) the subset of Tti^M(J^^,d; J) consisting 
of stable maps [C; u] such that 

[C;u] = [{^b,{Jhyi)ieM);ub], 

for some bubble map b of type T as above. 

If T={M, I, ^;j,d) is a bubble type as above, let 

Ii = {h£i:Lh£lo}, Mo = {l£M:ji£lo}, and 

To = {MqUIi, Io,'R; j\mqUl\i^, d\ig) , 

where Iq is the subset of minimal elements of /. For each /i€/i, we put 

Ih = {i£l-h<i}, Mh = {leM:jieIh}, and % = (M^, 4; j| a/^ , d|/J . 

The tuple Tq describes bubble maps from genus-one Riemann surfaces with the marked points 
indexed by the set MqU Ji. By definition, we have a natural isomorphism 

Ut(F^;J) « ({(5o,(fc/xW/i)GZ^7j,(]P";^)xn^r,(P"; J): 

/^e-fi (2.2) 

evo(60 = ev.J6o)V/iG/i})/Aut*(T), 

where the group Aut*(T) is defined by 

Aut*(T) = Aut(T)/{5GAut(T): 5 • /i = /i V/iG/i}. 

This decomposition is illustrated in Figure El In this figure, we represent an entire stratum of 
bubble maps by the domain of the stable maps in that stratum. We shade the components of 
the domain on which every (or any) stable map in Uq-iV^; J) is nonconstant. The right-hand side 
of Figure El represents the subset of the cartesian product of the three spaces of bubble maps, 
corresponding to the three drawings, on which the appropriate evaluation maps agree pairwise, as 
indicated by the dotted lines and defined in (|2.2|1 . 

Let J^T — >Ut{¥^; J) be the bundle of gluing parameters, or of smoothings at the nodes. This 
orbi-bundle has the form 

^T= ( 0Lft,o®ii,ie0L;,,o®^/»,i)/Aut(r), 
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for certain line orbi-bundles Lh,o and Lh,i- Similarly to the genus-zero case, 

^Yr(P";J) =i^^°^(P";J)/Aut(T)oc(5^)^ where (2.3) 

40)(P"; J) = {(&o,(6;,);,e7,)GZ^r„(P"; J)x[]z^g^(P^ J): evo(&/.) = ev,J&o) V/ie/i}. (2.4) 

heh 

The line bundles Lhfi and L^, i arise from the quotient 1)2. 3p . and 

^T = J^T/Aut(T) oc (5^)^ where J^T = J^^^T J^/^T, 

T'iCT — >^^ (P"; J) is the bundle of smoothings for the |^^| nodes of the circle of spheres S^ and 
ThT^ — >Z//g- (P"; J) is the line bundle of smoothings of the attaching node of the bubble indexed 
by h. We denote by TT and TT^ the subsets of TT and TT ^ respectively, consisting of the 
elements with all components nonzero. 

Suppose T = (M, I, H;j, d) is a bubble type such that dj = for all i G /q, i.e. every element 
in lAi{^^\J~) is constant on the principal components. In this case, the decomposition ()2.2|) is 
equivalent to 



^/r(P"; J) ~ [UrM) x ^f (IP"; ^) /Aut*(T) 

(2-5) 
c(7lTi,,„xZ^^(P";J))/Aut*(T), 

where A;o = |/i|-|-|-/Vfo|, M-x^ka is the moduli space of genus-one curves with /cq marked points, and 
Ur{^^-J) = {(6/,)?,e/,e n^rjP"; J): evo(&/.J = evo(6/.J V/ii , /12 G Ii } . 

Similarly, ()2.3p and (|2.4|) are equivalent to 

Z^^°^ (P"; J) « Z^To (pi) X Uf (P"; J) C ATi,^,, x Z^I*) (P"; J), where (2.6) 

4°^(P"; J) = {(6/,)/,e/,G n4!^(^"5'^)- ^^o(^^i) = «^o(^^2) V/ii , /is G /i } . (2.7) 

We denote by 

vrp: ZYr(P"; J),4°^(P"; J) ^ A^i.^^ 

the projections onto the first component in the decompositions (|2.5|) and 1)2. 6|1 . Let 

evp : Z^T (P" ; J) , Z^r ^ (IP" ; '^) — ^ ^" 

be the maps sending every element 6= ($]f,,nb) of Z^r(P"; J) and ZY^ (P"; J) to the image of the 
principal component Sfe;P of S^ under Uh- 

If T= (M, /, H; j, d) is as in the previous paragraph, let 

x(T) = {iE/:d,/0; 4 = 0V/i<i}. 
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The subset xC^) of I indexes the first-level effective bubbles of every element ofl/(j-{F'^; J). For 
each element b = {T,i),Ub) ofU!^{F^;J) and iGx('^)) l^t 

Vib = {dub\E,,,}\^eoo e Te,^(6)P", where Coo = (1,0,0) G TooS^. 

In geometric terms, the complex span of Dib in T^y^/^^P" is the line tangent to the rational com- 
ponent Sb^j at the node of S^^j closest to a principal component of S^. If the branch corresponding 
to Sfj^j has a cusp at this node, then T>ib = 0. Let 

5T= 0J^ft(i)r — >U^\f'';J), where h{{) = mm{hel: h<i} e h. 

iex(r) 

We define the bundle map 

overZ^j°^(P"; J) by 

p{v)={b;{pi{v))i(,^(^r)) ^^T, where Pi(i;)= J|w/i € ^^^(i)'^, if 

h€i,h<i 

I (L, if /iG J "Jl; 

where a;/j(6) GSfc;P is the node joining the bubble S^^/i of b to the principal component T,f,-p of Sfe. 
This definition is illustrated in Figure 01 on page 1191 

Let E — >7Wi^fc(, be the Hodge line bundle, i.e. the line bundle of holomorphic differentials. For 
each iGx('^)) we define the bundle map 



Vjy.Thii)T -^ 7r>E*®jev:^TP" 
overZ^^°^(P"; J) by 

{pJ,,(5,«;i)}(V') = ^x,(,)(6)(w^^)•JA&GTe,^(6)P" if 6gZY^°)(P";J), Wi(^Tm)T\i„ VG^pElfe. 

Let 

Vr:^T — > 7rJ,E*(g)evJ,rP" 

be the bundle map over Z^^ (P"; J) given by 

It descends to a bundle map 

Vt:^T — > 7r|,E*®ev|.TP"/Aut*(T) 
over Z^r(P"; J), for a bundle 5^T — >^/r(P"; J)- 
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Let Vff^ — >Z^|'^(P"; J) be the cone such that the fiber of Vfj. over a point b = {^b, m) in Z^|'^(P"; J) 
is ker9v,b; see Subsection lOl If 6=(Sfe,n6) G^^|'^(P"; J), C = (^h)/ie/Gr(6;£), and iGxC^), let 

The element Ve^^j of n^ j-Cloo is the covariant derivative of the section (,{ £ r(Sft_j; ul j£) at oo G Sf,^, 
with respect to the connection V in £ along Coo; see Subsection ll.3l Note that if ^GkerSv,^! then 

Vc.e^^i = c • Dr4 VcgC. (2.8) 

We next define the bundle map 

overZ^^°^(P"; J) by 

C eVf^k\bCT{b;£), w = {wi)ifz^(^r) ^^'^\b, and V G IE^p(6)- 

By (|2.8() . the bundle map 5)r induces a linear bundle map 

5T — > Hom(Vf^fc, TTpE* «) ev^£/Aut*(T)) 
overZ^r(P";^). 

Finally, all vector orbi-bundles we encounter will be assumed to be normed. Some will come with 
natural norms; for others, we implicitly choose a norm once and for all. If vr^: ^ — >X is a normed 
vector bundle and 6: X — >M. is any function, possibly constant, let 

ds = {v&d- \v\<6{tt^{v))}. 

If ri is any subset of ^, we take ri5 = r2 n ^s- 

2.3 The Structure of the Moduh Space m[ ^.(P", d; J) 



We now describe the structure of the moduli space DJti ^(P", d; J) near each of its strata. The first 
part of Theorem 11.21 follows from the first claims of Lemmas 12.31 and 12.41 below. If /cGZ, we denote 
by [k] the set of positive integers that do not exceed k. 

Lemma 2.3 If n, k, and d are as in Theorem M.JA there exists 6n{d) G M^ with the following 
property. If J is an almost complex structure on P", such that ||J — Jo||ci <5n{d), and 

T={[k],I,i<;j,d) 

is a bubble type such that '^i^jdi = d and di^O for some minimal element i of I, then U'j-{F'^;J) 
is a smooth orbifold, 

dim^/T(IP"; J) = 2(d(n+l) + A;-|H| -|/|), and Uri'P''; J) CTf^^ki^'',d; J). 
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Furthermore, there exist 6 G C{Ut(J^"'; J);M.'^), an open neighborhood Ut ofUri^"", J) ^'^ ^i,A;(IP") d), 
and an orientation-preserving homeomorphism 

(t>r : TTs -^ M?,fc(P", d- J) n C/r, 

which restricts to a diffeomorphism J-T^ — >Wli ^(P"', d; J) n Ut- 

By Theorem ?? in |Z5j . there exists (5„((i) E M^ with the following property. If J is an almost 
complex structure on P", such that || J— Jollci <^n{d), S is a genus-one prestable Riemann surface, 
and u : S — > P" is a J-holomorphic map, such that the restriction of u to the principal compo- 
nent(s) of S is not constant, then the linearization Dj^u of the 9j-operator at u is surjective. From 
standard arguments, such as in Chapter 3 of |MSj . it then follows that the stratum Uq-i^"", J) of 



Til i.{F^ , d; J) , where T is a bubble type as in Lemma f2. 31 is a smooth orbifold of the expected 
dimension. Furthermore, there is no obstruction to gluing the maps in Z//7-(P"; J), in the sense of 
the following paragraph. 



We fix a metric Qn and a connection V" on (TP", J). For each sufficiently small element v- 

Qv • ^v 



of J^r® and b = {^b, Ub) eU^ (P"; J), let 



be the basic gluing map constructed in Subsection ?? of |Z5j . In this case, S„ is a smooth elliptic 
curve. Let 

b{v) = (i;„,j„,u„), where u^, = Uboq^, 

be the corresponding approximately J-holomorphic stable map. By the previous paragraph, the 
linearization Djb of the 9j-operator at b is surjective. Thus, if v is sufficiently small, the lineariza- 
tion 

z?j,„: r(t;)=L?(s„;<rp") -^ rO'i(t;)=i^^(s„; A°;]r*s„®<rp'^), 

of the 5j-operator at b{v), defined via V", is also surjective. In particular, we can obtain an 
orthogonal decomposition 

T{v) = T.{v)(Br+{v) (2.9) 

such that the linear operator Dj^y : r_|_(i;) — > T^'^(v) is an isomorphism, while r_(i;) is close 
to kei Djb- The L^-inner product on r(t;) used in the orthogonal decomposition is defined via 
the metric gn on P" and the metric g^ on S„ induced by the pregluing construction. The Banach 
spaces r(f) and r^'^{v) carry the norms || • \\v,p,i and || • ||„^p, respectively, which are also defined 
by the pregluing construction. These norms are equivalent to the ones used in Section 3 of jLTj . In 
particular, the norms of -Dj,^ and of the inverse of its restriction to r_|_(i;) have fiberwise uniform 
upper bounds, i.e. dependent only on [b] EZ//r(P"; J), and not on v^TT^ . It then follows that the 
equation 

dj exp^^C = ^^ [S„, exp„^C] G 9?t?,,(P", d; J) 

has a unique small solution C,y^Tj^[v). Furthermore, 

Kv\\v,p,l<C{b)\v\^IP, 

for some C ^C{l/('r{^^', J);M+). The diffeomorphism on J^T^ is given by 

cPr:J'T^s^Tll,{W^,d;J), <Pr {[v]) = [b{v)] , where 6(u) = (S„,exp„^C.); 
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see the paragraph fohowing Lemma ?? in |Z5j . This map extends to a homeomorphism 

as can be seen by an argument similar to Subsections 3.9 and 4.1 in |Z3j . 

We denote by 9Jt| ^(F", d; J) the union of the strata Z//7-(P"; J) with T as in Lemma 12.31 In other 
words, 

9Jti°^^(P", d;J) = { [C, ujeTli^ki^"-, d; J) : u\cp is not constant}, 

where Cp is the principal component of the domain C of u. 

Lemma 2.4 If n, k, and d are as in Theorem, M.'A there exists 5n{d) G M"*" with the following 
property. If J is an almost complex structure on P", such that || J— Jo||ci <(5„(d), and 

T={[k],I,i<;j,d) 

is a bubble type such that Yli^idi = d and di = for all minimal elements i of I, then Uq-iJ^'^', J) is 
a smooth orbifold, 



dim^^r(P";J) = 2{d{n+l) + k- |H|-|/|+n), and mi^i,{F'',d; J) nUri^''; J) = Z^r;i(IP"; ^), 
where Z^r;i(P"; J) = {[6] G^r(P"; J) : dime 5pan(c,j){A6: iSxCT)} < |x(T)|}. 

The space Uq-;i{¥'"; J) admits a stratification by smooth suborbifolds of Uq- (^^ ', J) : 

m=\x{T)\ 

^Yt;i(P";J)= y ^Y^i(P";J) such that 

m=max(|x{T)|— n,l) 

dim^/f.i(P"; J) = 2{d{n+l) + k - \i<\-\i\ + n + {\x{T)\-n-m)m) 
<dim9Ji;fc(P",ci; J)-2. 

Furthermore, the space 

T^T'^ = { [b, v] G .FT® : Vt (p(f )) = 0} 

is a smooth oriented suborbifold of J-T . Finally, there exist 6^C(JA't{¥^]J);W^), an open neigh- 
borhood Ut ofUq-{¥'^;J) in Xi^fc(P"', d), and an orientation-preserving diffeomorphism 

<Pr : F't/ -^ 9JI?,,,(F", d- J) n Ur, 
which extends to a homeomorphism 

(t>r : T^Ts -^ M?,fc(P", d; J) n Ut, 

where T^T is the closure of T^T^ in TT . 

We now clarify the statement of Lemma 12.41 and illustrate it using Figure 01 As before, the shaded 
discs represent the components of the domain on which every stable map [6] in Z//7-(P'^; J) is non- 
constant. The element [Sft,^;,] ofZ//r(P"; J) is in the stable-map closure of OJl'j' fcC^"'*^' '^) if and only 
if the branches of Ufe(Sf,) corresponding to the attaching nodes of the first-level effective bubbles of 
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X(T) = {hi,h4, /is}, p{v) = {vh, , Vh3Vh^,Vh3Vh^) 

T^T^ = { [b; Vh^ , Vh^ , Vh.j , vu^ , vh^] : vh^ , Vh^ , Vh^, € C* ; 

Vhi'Dj^hib+Vh^Vh^Vj^hib+VhsVkii'Djj^^b^O} 
"tacnode" 

Figure 3: An Illustration of Lemma 12.41 




[Sb,'Ufc] form a generalized tacnode. In the case of Figure |21 this means that either 

(a) for some h£{hi, h^, /15}, the branch of ifftls;, h ^^ ^he node 00 has a cusp, or 

(b) for all h£ {hi, /14, /15}, the branch of ttblsj ^ at the node 00 is smooth, but the dimension 

of the span of the three lines tangent to these branches is less than three. 

The last statement of Lemma l2 . 41 identifies a normal neighborhood oiU-r-ii^"", J) in 9Jt^ fc(^") "^5 '^) 
with a small neighborhood of Ut;i(P"", J) in the bundle J^^T over Uj-;i(J^^', J)- Each fiber of the 
projection map J^^T — >Z//7--i(F"; J) is an algebraic variety. See Figure El for an example. 

The first three claims of Lemma 12.41 follow immediately from Theorems ?? and ?? in ;Z5j and 
the decomposition (|2.2|) . The last two statements of Lemma 12.41 are a special case of the last two 
statements of the latter theorem. 

If T is a bubble type as in Lemma 12.41 and ttt, is a positive integer, let 

U^.iiF^;J) = {[6]g^/t(P"; J): dimcSpan(c,j){A6: i^xiV} = \xir)\-m} CUr-i{^^; J). 

By definition, the subspaces U^.^iF"-; J) oiUr{F'^; J) partition ^/t;i(IP"; J)- On the other hand, 

i^^i(P"; J) / =^ max {\x{r)\-n, l) < m < |x(T)|. 

In order to show that the space U^.-^^{¥'^; J) is a smooth suborbifold of ^7-(F"; J) of the claimed 
dimension, below we describe hlJp.-^{V^\ J) in a different way. 

For each i G /, let 

Mi = [l&M : ji=i}u{hei : ih = i] . 

We denote by 

the map sending each bubble map (Sb,-Ufe) to its restriction to the component S^^jC S. Let 

Lo -^ 2rt[!^|o}uA/,(JP"> di- J) C Mo,{o}uAf,(F", di- J) 

be the universal tangent line bundle for the special point labeled by 0, i.e. (i, 00) in the notation 
of Subsection 12.11 We put 

J^= 07r*Lo^Z^r(P";J). 

iex(r) 
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While each Une bundle vr*Lo may not be well-defined, the orbibundle T is always well-defined. We 
denote by 

TTm : Qr^T — > Z^r(lP"'; J) and 7^ — > Gr^J^ 

the Grasmannian bundle of ?Ti-diniensional linear subspaces and the tautological ?Ti-plane bundle, 
respectively. Let 

Sm = ^m^(O) C GrmJ'^, where 

By Theorem ?? in |Z5j . the section Vm is transverse to the zero set if 5n{d) is sufficiently small. 
Thus, Sm is a smooth suborbifold of Gr^.^ of dimension 

dim 5^ = dimGr^J^ - 2rk7;;«)^;;ev|,rP" 

= 2[d{n+l) + k-\A\-\i\+n) +2m{\x{T)\-m) -2-n-m 
= 2[d{n+l) + k-\^\-\i\+n + m[\x{T)\-n-m)) . 

The image of Sm under the bundle projection map -Km is the union of the spaces U^.^i^"^; J) with 
m' > m. The map TTm\s,n i^ an immersion at [v] G Sm if '^m^ iT^miiv])) = [v]. The latter is the 
case if and only 7rm(M) G W™.i(P"'; J). Thus, the subspace U^.^{F'^; J) is a smooth suborbifold of 
Ur(F''; J) oi dim Sm- 

3 Proof of Theorem [ll2] 

3.1 The Global Structure of the Cone Vf,, — >^ ;-.(P", d; J) 

In this section, we prove Proposition 13.11 which contains the last two statements of Theorem 11.21 
The key nontrivial ingredient in the proof of Proposition 13.11 is Proposition 13.31 which is proved in 
Section \^ 

Proposition 3.1 If n, k, d, a, £, and Vfj. are as in Theorem M.'A there exists 5„((i, a) gM"*" with 
the following property. If J is an almost complex structure on P", such that \\J — Jq\\(ji <6n{d,a), 
the requirements of Lemmas \2.'J[ and \2.4\ are satisfied. Furthermore, Vf^, — > 9Jl'j' ^ (P" , d; J) is a 
smooth complex vector orbibundle of rank da. In addition, there exists a continuous multisection 
ip: Ml fc(P", d; J) — >Vf^^ such that 

(V\) v^lfpfO (wn^(i;J) ^-^ smooth and transverse to the zero set in V^^^l^yjo (pn^d; n/ 

(V2) the intersection ofip~^(0) with each boundary stratum Uq-iF'^:,, J) andU^.^{¥'^:,J) 

of 97ti fc(^"' '^i d) is a smooth suborbifold of the stratum of real dimension of 
at most 2{d{n+l — a)+k) — 2. 
If (fQ and (fi are two such multisections, there exists a continuous homotopy 

$: [0,l]xM?,fc(P",ci; J) -^ [0,l]xVf,fc 
such that cD|^^^^_o^^p„_^.^^=(^i /or t = 0, 1, and 

(VV ) ^\\Q^i]x^ (P",d;j) ^'^ smooth and transverse to the zero set in [0, 1] x V^ ^Igjto (vn^d;j)j 
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(V2' ) the intersection of ^ ^(0) with each boundary stratum [0, 1] x^7-(P"; J) and 

[0, 1] xUJp.^iW''; J) of [0, 1] xM? fc(P", d; J) is a smooth suhorbifold of the stratum 
of real dimension of at most 2{d{n+\ — a)+k) — l. 
Thus, the cone Vfj. determines a homology class and a cohomology class on 9Jt^ i^(¥'^,d; J): 

^%?,,(P",d; J) (<^m)) ^ ^2(d(n+i-a)+fc) (^,fc(P", d; J); Q) 
and e{Vi,) G i72'^"pi,,(P", d; J); Q) . 

Finally, ifW — >Xi.fc(P'*,d) is a vector orbi-bundle such that the restriction ofW to each stratum 
Xr(P") o/Xi,fc(P",<i) is smooth, then 



{em-eiVl,}, [^,,(P",d; J)]> = (e(W) • e(Vf,,), [9Jl^,,(P",d)] >. 



The second statement of this proposition is a special case of Lemma 13.21 We use Lemma 13.21 
and Proposition 13.31 to construct a multisection if satisfying (VI) and (V2), starting from the 
lowest-dimensional strata of dJti ;j(P",d; J). Suppose T and m are as in Lemma 12.41 and we have 
constructed a neighborhood U of 

5Z:/^i(P"; J) = Z:/f;i(P"; J) - ^/^^^(P"; J) 

in QJtx fc(P'^, d; J) and a continuous multisection 99 of the cone Vfj^ over U such that for all T' 
and m' as in Lemma 12.41 the restriction of (p to U^i.-^^{¥"'; J)nU is a smooth multisection of the 
vector bundle V^ '™g-, of Proposition 13.31 which is transverse to the zero set in V^^ '^q-, . We then 
extend the restriction of (p to U^.i{¥"'; J)nU to a smooth section of V^'^^ over Z//^-^(P"; J) and 
to a continuous section c/?^ of V^'^^q- over QJt]^ ;,(P",d; J)n{7™, using the bundle isomorphism (f)j^ 
of Proposition 13.31 By the definition of the bundles V^^'j^q- in Subsection 13.31 the restriction of c/?™ 
to each space Z//^,.-^(P"; J)nU^ is a section of V-^'^q-,, for all T' and m' as in Lemma 12.41 We can 
also insure that the restriction of (^™ to Z//™,.-^(P"; J) n C/™ is smooth and transverse to the zero 
set in V^ '^-j-, . Finally, by using a partition of unity and the newly constructed section ip^ , we can 
extend the section y? to a neighborhood of Z^^]^(P"; J) in 9Jl]^ ^(P",(i; J), without changing it on 

Z?^i(P"; J) or on a neighborhood of aZ^^i(P"; J) in ^^^(P", d; J). After finitely many steps, we 
end up with a neighborhood U of 

M?,fc(P^d;J)-0Jti5(P^d;J) 

in DJli j^ (P" , d; J) and a continuous multisection ip of the cone Vf ^ over [/ such that for all T' and m' 
as in Lemma I2. 41 the restriction of <p to Z//^,.^(P"; J) is a smooth multisection of the vector bundle 
^^I'k-T' '^hich is transverse to the zero set in V^'™^,. We then extend (p in the same stratum- by- 
stratum way to a section over all of QJl^ fc(P",d; J), using Lemma 13.21 Since the real dimension of 
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a boundary stratum Uq-{¥'^; J) of Tli ^(P", d; J), with T as in Lemma l'2. 31 is at least two less than 
the dimension of Tl^ ^(IP") d; J), the transversality of ^\ur{P";J) to the zero set in Vf ^ implies (V2) 
for this stratum. Similarly, the transversality of v^lw™ (P";J) to the zero set in V^^'^^ and the rank 

statement of Proposition O imply (V2) for each stratum l{Jp.-^{¥"-; J) of ^"^^(P", d; J), with T and 
m as in Lemma 12.41 The homotopy statement of Proposition 13.11 is proved by a nearly identical 
construction. 

The second-to-last statement of Proposition 13.11 follows from the preceding claims by the same 
argument as in Subsection ll.21 The final statement of Proposition 13 . II follows from the proof of the 
first part of Proposition 13. II and from the last statement of Theorem ?? in |Z5j . The latter states 
that there exists 6n{d) gM"^ with the following property, ^i J_={Jt)t£[o,i] is ^ C^-smooth family of 
almost complex structures on P" such that ||Jj — JqUci <Sn{d) for all t£ [0,1], then the compact 
moduli space 

m%{F^,d;J)^ \Jm%{F^,d;Jt) CXi,fc(P",d) 

tG[0,l] 

has the general topological structure of a unidimensional variety with boundary. It is stratified by 
the smooth orbifolds with boundary, 

^Yt(P";J)^ \JUr{F^;Jt) and U?.,{¥^;J)^ [jU^.^iF'^; Jt), 

tG[0,l] ie[o,i] 

each of dimension one greater than the corresponding dimension given by Lemmas 12.31 or 12.41 By 
the same argument as above, we can construct a multisection ^ of the cone Vfj^ over 9Jl^ fc(P") d; J) 
such that 

(VI") ^Igjto (pn ^.j\ is smooth and transverse to the zero set in Vf f^\rgf (pn,rf; n; 

(V2") the intersection of $"^(0) with each boundary stratum UriF"^;!) and U^.^{F'';J) 

of dJti fc(P", d;J_) is a smooth suborbifold of the stratum of real dimension of at 

most 2{d{n+l-a)+k)-l, 
and the restrictions y^o = ^\^^^(pn^^.j^^ and '/^'i = ^1^° j^(p",d;Ji) satisfy conditions (VI) and (V2). If 
W — > j£i^fc(P",d) is a complex vector bundle of rank d(n + l — a) + k as in Proposition 13. II we can 
then choose a continuous section F of W over Tli ^ (P" , d; J_) such that 

($>vi) $-Ho)nF-i(o)caji?^fc(P",d; J); 

($>V2) F\(^ (P",rf;J) i^ smooth and transverse to the zero set in Wlgrjjo tpn^^.jy, 
($W3) F-\0) intersects $"^(0) transversely in 9Jt? ^(P",^; J), 
($>V4) /t"^(0) intersects ipt^{0) transversely in 971? ;, (P" , d; Jt) for t = 0, 1, 
where ft = F\^^^^(^p„^a;Jt)- 

It follows that <I>~^(0)nF~^(0) is a compact oriented one-dimensional suborbifold of QJt? ^(P", d;J_) 

and 

d{'^-\o)nF-Ho)) = ^^\o)nf^\o) - ^,\o)nf,\o) 
=^ ±|^-i(o)n/ri(o)| = ±|^o-i(o)n/o-i(o)|. 



This equality implies the last claim of Proposition 13.11 
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3.2 The Local Structure of the Cone Vf ^ — ^971° ^(P", d;J),I 

In this subsection, we describe the structure of the cone Vf /^ — >9Jt^ ki^^^ ^'i '^) '^^^^ ^ neighborhood 
of each stratum Z//7-(P"; J) of Lemma l'2. 31 

Lemma 3.2 If n, k, d, a, £, and Vfj. are as in Theorem M.'A there exists 6n{d) G IR"*" with the 
following property. If J is an almost complex structure on P", such that \\J — Jq\\(ji <Sn{d), and 

T=i[k],I,i<;j,d) 

is a bubble type such that ^^^fdi = d and di ^ for some minimal element i of I, then the 
requirements of Lemma \2.^ are satisfied. Furthermore, the restriction Vfj. — > lAr{^"",J) is a 
smooth complex vector orbibundle of rank da. Finally, there exists a continuous vector-bundle 
isomorphism 



covering the homeomorphism (pq- of Lemma \2.'J[. such that (pT is the identity overU^(¥'^; J) and is 
smooth over J'T^ ■ 

The restriction Vfj^ — yUq-i^"", J) is the quotient of the cone Vfi^ — >ZY^ (F"; J) by the group 

Aut(T)oc(S'^)^; see Subsection 12.21 for notation. The fiber of Vf i^ at a point b = {T,h,Uh) of 

Uq- {¥"•; J) is the Dolbeault cohomology group i/|($]{,;u^£), for a holomorphic structure in the 
bundle ul£. Since di^O for some minimal element is/, the degree of the restriction of u^£ to the 
principal curve of S^ is positive. Thus, by an argument similar to Subsections 6.2 and 6.3 in |Z2j . 

H^Q{j:b;ut£) = {0} =^ dimVf^fclb = dimi/|(S6; n^£) = ind B^^b = da. 

Since the holomorphic structure in the line bundles u^£ varies smoothly with b^Uj- (F'^; J), it fol- 
lows that Vfj^ — >Uq- {F^; J) is a smooth complex vector bundle of rank da and Vf /^ — >Z^r(IP"; J) 
is a smooth complex vector orbibundle of rank da. 

We construct a lift (f)T of (pT to the cone V^^ — >Z//7-(P"; J) as follows. For each sufficiently small 
element v= (6, v) of J-T^ , we define the maps 

i?„:r(6;i:) = L?(Sb;<£) ^r(t;;£) = L?(S,;<£) by {Rvi]{z) = i{qv{z)) ifzGE„, 
n„:r(t>;£) ^f(i;;£) = L?(S„;n:£) by {n„C}(z) = %(,)e(2) ifzGS„, 

where Yi(^^iz\^{z) is the V-parallel transport of ^{z) along the 5„-geodesic 

7c.(.) : [0, 1] -^ P", r ^ exp„^(^) t(:^{z), 

and Qv G T{v) is as in Subsection 12.31 As in Subsection 11.31 we use the |LTj -modified L\— and 
L^— Sobolev norms, defined in the present setting as in Subsection 3.3 of |Z3j . By a direct compu- 
tation, for some C7EC(^/r(F"; J);M+), 

Pv,6H^«eL,p < C(6)|u|i/P||C||fe,p,i VeGr_(6;i2) = kerav,fc and (3.1) 

l|n;;'o<9v,M«)°n.e - d^m^Kp ^ c"(6)||c||^,p,illCII.,p,i 

<Cib)\v\^/Pm\b,p,i VeG^(^;;£); 
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see the proof of Corollary 2.3 in |Z1_ for the first inequality in (|3.2() . We denote by T-{v;£) the 
image of r_(6;£) under the map Ry and by r+(i;;i2) its L^-orthogonal complement in T{v;£,). 
Since the operator 

is surjective for all b^Uj- {¥"'; J), similarly to Subsection 12.31 the operator 

av,feH : r+(t;; £) ^ r°'i(t;; £) = LP(S,; A^^T^S^^^^) 

is an isomorphism if v is sufficiently small. Its norm and the norm of its inverse depend only on 
[b] G Z^r(IP"; J)- Thus, by (EU and (E^l), for every ^ G r_(6;£) there exists a unique ^+(t;) G 
r+(f;£) such that 



-1^ ^ „ Q 



.„ - .^,(„) ^ n„(i2„e+e+(t;)) = ^^ n„(i?„e+e+(i;)) G ker 9^^^(^). 

Furthermore, 

||e+(t^)l|.,P,i<C(6)|t;p/P||C||.,p,i, 

for some C G C(Z//7-(P"; J);1R^)- We can thus define a smooth lift (pj- of the diffeomorphism on 

where R^C = '^viRvC+C+iv))- 
This map extends to a continuous bundle homomorphism 

as can be seen by an argument similar to Subsections 3.9 and 4.1 in |Z3j . 

3.3 The Local Structure of the Cone Vfj, — >^i ^(P", d; J), II 

In this subsection, we state the central results of the paper: Proposition 13.31 and Lemma 13.41 The 
former is the analogue of Lemma 12.41 for the cone V^^. The latter can be viewed as a condensed 
version of Proposition 13.31 The proof of these two results takes up the next two subsections. 

Proposition 3.3 Ifn, k, d, a, £, and Vf^. are as in Theorem, ] 1. HA there exists (5„((i)GM^ with the 
following property. If J is an almost complex structure on P" such that ||J — Jo||ci <5n{d), then 
the requirements of Lemma \2.4\ and of Lemma VJ.'A are satisfied for all appropriate bubble types. 
Furthermore, if 

T=i[k],I,i<;j,d) 

is a bubble type such that Yli<^i'^i~d o-nd di = for all minimal elements i of I, then the restriction 
Vfi^ — >Ut{¥"", J) is a smooth complex vector orbibundle of rank da + 1. In addition, for every 
integer 

m G (max(lxCr)l-n, l),|x(T|), 
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there exist a neighborhood [7™ of 1/(^.^{F'^ ; J) in Xi^k(J^^,d) and a topological vector orbibundle 

such that V^'l^q- — >Tl^j^{F^,d; J) n U^ is a smooth vector orbibundle, 

^f]h,r ^ Kk^ «^^ rk Vf^j- = da + l-m>^ dimZ^^i(P"; J) - {d{n+l-a) + k) . 

There also exists a continuous vector-bundle isomorphism 

Ira . ^* /^jd;m 



fV'*'" I "l > V 



covering the homeomorphism 0r of Lemma \2.4[ such that c/)^ is the identity over U^.^{F'^; J). 
Finally, 



The restriction of every element of V^^|fe to the domain of the image of b under the projection onto 
the first component in the decomposition l\2.b^ is a constant function. Thus, every element oiVfj^\b 
is determined by its restriction to the domain of the image of b under the projection onto the second 
component in (|2.5|) . The statement concerning the restriction Vf j^ — ^^^-(P"; J) in ProDosition l3.3l 
now follows by the same argument as for the corresponding statement in Lemma l3.'2| but applied 
to the second component in the decomposition (|2.5() . The index in this case is da+1. 



The bundle Vf'^^ — ^M^_fc(P",d; J)nC/^ is not unique. However, its restriction to ^/^^(P"; J) is: 

KTr\u^AP-,J) ^ {^eVffclfe: &GZ^^i(P"; J); if 6,g2JI? ,(P", d; J) and lim br = b eU^.,{F^; J), 

then 3 ^r G Vf^^lb, s.t. lim ^r- = ^}- 



,k\m 



In other words, V]^'^,.-^|^m (pn.j) is the largest subspace of Vf^\ii"^ (P";j) with the property that a 
continuous lift 

of (j)q- that restricts to the identity over lAJp.T^iF^; J) can possibly exist for a vector-bundle extension 
for the subspace V^'™^|z^™ (P";j) to a neighborhood oi U^p.^i^"^ \ J) in Z^7-;i(IP"; J)- The next lemma 
describes the subspace V^'^^l^^m (P";j) of ^ifclw™ (P";J) explicitly. Let 

Lemma 3.4 Suppose n, k, d, a, £, 1^ffe; <^; ^'^^ '^ ^'"g as in i/ie first and second sentences of 



/(0)mn.. j\ c^-\)d I. ^^^ „, r- •r-1'7-0 



Proposition \3.^ If b ^ W^ (P"; J), ^ G ^i fck' ^^^ "^r G T^T is a sequence of gluing paramet 
such that 

lim Vr = b and lim \{pi{iJr)) i^^,r\\ = N ^ ^P^'^lb 
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ers 



then 

3 [er]GVi,fcU^(K])S.t. lim[e.] = [C] ^^ St{C^w) = 0. 

Therefore, 

vSrlw?^^i(P";J) = {eeVf,fc|[b]: [6]G^/f.i(P"; J); 2)r(C®^)=0 ^wed'Tb}, (3.3) 

where ^ % = {w(^^Ti):'D-rw = 0}. 

Thus, '^i'^'j-\u'^ (P":J) — >Z//^]^(P"; J) is a smooth complex vector orhihundle of rank da+l — m. 

The bundle map 1)j- constructed at the end of Subsection 12 . 21 depends on the choice of connection 
in the bundle £ — ^P". It may appear that so do the first two statements of Lemma 13.41 This is 
however not the case for the following reason. Suppose 

b={^i,,Ub)eU^\r;J), eeVf.fck Vre^'T'^, and w = iw,)i^^^r) ^ ^b 

are as in Lemma 13.41 Then, by the definition of J^^T® in Lemma 12.41 

Vr{b,w)= Y, i'cc^i^)ib)iw^)■Jdub,i\ooeoo = OeT¥'' V^GE,^(f,). (3.4) 

On the other hand, since the map Ub is constant on every component 'Sb,h of the domain S^ of 
b with h<i for some i £ x('^); C is a holomorphic function on T,b^h and thus must be a constant 
^pG£evp(fe)- It follows that 

Cn(oo) =Ci2(oo) =?P Vii,i2 G xC?")- (3-5) 

Suppose that V' is a connection in the line bundle £, — >P" that induces the same 5-operator in the 
line bundle u^H — >Sb as the connection V; see Subsection ll.3l Then, there exists a complex- valued 
one-form 9 on P" such that 

V.C - V;C = (M • C(^) VgGP", ^;Gr,P", CGr(P";£), and ulO o j, = i ■ u^e. (3.6) 

Thus, if Tiq- and Tl'j- are the bundle maps corresponding to the connections V and V' as at the 
end of Subsection 12.21 

{Dr(^8)ty)-2)r(^«)ty)}(^) = Yl '^Xh^,^{b)iwi) ■ {Ocvp{b)idub,i\ooeoo)) •Cj(oo) 

Jex(T) 

/ ^ X (3-7) 

= Gcvp{b)y 2^ V'xft(,)(fe)(w^i) -J {dub,i\ooeoo)j • Cp = 0. 
iexCr) 

The middle equality above follows from (|3.5|1 . the second condition in (|3.6|) . and the assumption 
that Ub is a J-holomorphic map. The last equality above is an immediate consequence of ()3.4(l . 
More generally, the middle equality in (|3.7|) implies that the expression Tlq-iC'^w) is intrinsically 
defined whenever wG^^T. 

The second statement of Lemma 13.41 follows immediately from the definition of Vj^'^Vlw™ (P";J)! 
the first statement of Lemma l3.4| and the last statement of Lemma 12.41 For the final statement of 
Lemma 13.41 let 

U^.^{W";J) = {beUP {¥''■, J): [b]eU^.^{¥''; J)}. 

26 



By the proof of Lemma l2.41 

is a vector bundle of rank m. On the other hand, by the same argument as in Subsection 6.2 
of |Z2j . for every 6gZ^^ (P"; J) and «Gx('^)) the hnear map 

is surjective. It fohows that the hnear bundle map 

Vlk — > Hom(5iT,7rJ,E*0evJ,£) 

over Z^™^(P"; J) induced by 2)r is surjective on every fiber. Thus, its kernel is a smooth vector 
bundle of rank 

rk V'^f.^ = rk Vlk - rk Hom(5iT, ^J,E*®ev},£) = da + l-m, 

as claimed in the last statement of Lemma 13.41 

We prove the remaining claims of Proposition 13.31 and Lemma 13.41 at the end of Section ^ after 
reviewing the multi-step genus-one gluing construction used in Z5 and extending it to the cone Vff^. 

4 A Gluing Construction 

4.1 Smoothing Stable Maps 

We begin by reviewing the gluing construction of Section ?? in |Z5j . If 6= (S^, Uh) is any genus-one 
bubble map such that Ub|si,.p is constant, let Sj] C Sj be the maximum connected union of the 
irreducible components of St such that Sb^pCS^ and Ubl^^o is constant. If n^ls^.p is not constant, 
let Sg = 0. We put 

rs(6) = {CGr(Sb;n^rP"):Clso = 0}, 
rs(6;£) = {CGr(Sfe;7Xfc*£):elE0=0}, and 

r^^(6;£) = {7?Gr(Sfe;A°;VSfe®nb*£):r?|so=0}. 



Suppose T= ([A;],/, H; j, d) is a bubble type as in Proposition 13. 3( i.e. di = for all i G /q, where 
/qC/ is the subset of minimal elements. We put 

(T) = max{|{/iG/: h<i}\ : iGx(T)} > 1, %) = x(r), V) = / " xC^) - x'^ " h, 

where IiC/ is as in Subsection 12.21 For each sG{0}U[(T) — 1], let 

s-l 

T. = {iGx(T)Ux-(T): \{hei: h<i}\=s}, T,* = T, U |J {ltnx{T)). 

t=o 
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In the case of Figure El on page El 

(T) = 2, Jo = {/ll,/l3}, Tl={/l4,/i5}, T2 = {h2}. 

In general, the set 1(t) could be empty, but the sets Ig with s < (T) never are. 
If 6 is a bubble map of type T as in Subsection 12.21 and s£ [{T)], we put 

If /iGT;_i,let 

If in addition v = (6, v) G J'^T, we put 

Ps;h{v) = {b, {Ph;i{v))iexh{r)) e ^h'^, where Pft;i(u) = JJ^h' G C; 

see Subsection 12.21 for notation. 
Uv = {b,v) G J^r, let 

Let f(o) =1^ and i;((7-)+i) =6. If sG [{T)], we put 

i;s = {b, {vh)heis) and u^^) = {b, {vh)heit,t>s)- 

The component v/q-) of f consists of smoothings at the nodes of S;, that do not lie on the principal 
component Sf,.p of S^ and do not lie between S^.p and the bubble components indexed by the 
set x(X)- III Section ?? of |Z5j . these nodes are smoothed out at the first step of the gluing con- 
struction, as specified by f(r)- After that, the nodes indexed by the set 2^(r)-i ai'e smoothed out, 
and so on. At the last step, the nodes that lie on the principle component are smoothed according 
to fo, provided v&T^T^ is sufficiently small. 

If f GJ^^T® is sufficiently small and sG{0}U[(T)], let 



Ivis) • ^'U(^) > S 



'-•is) ■ ^-"{s) 



b 



be the basic gluing map constructed in Subsection 2.2 of |Z3j . Via the construction of Subsection 3.3 
in |Z3j . the map q^,. induces a metric g^.^ and a weight function />„ , that define weighted L^- 
Sobolev norms || • ||,;,p,i on the spaces Tsib') and Ts^b'; £) and weighted L^-Sobolev norms || • ||„^p on 
the corresponding spaces of differentials, for any bubble map b' = (S„, , , u) such that u is constant 

on q~^ {Hf^^ ) if s>0. In this case, (S„ , ,(7„, , ) is obtained from T^b with its metric gh by replacing 
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the nodes of Sf, indexed by the sets Tj with t>s by thin necks. The norms || • \\v,p,i and || • W^^p are 
analogous to the ones used in Section 3 of |LTj . Let 

'lvs;{T)+l-s- ^v/^^y > ^"(s+i> 

be the basic gluing map of Subsection 2.2 in ;Z3) corresponding to the gluing parameter Vg. We 
recall that 

for all se{0}U[{T)-l]. If sG[(r)] and hel*_^, let 

We note that Sjj is a union of components of 5]„, , . 
For any v = {b, v) G J^T, we put 

In Section ?? of Z5. , for J sufficiently close to Jo, S£ C(ZYr(IP"; J);M+) sufficiently small and all 
v^^^Tg, we construct J-holomorphic bubble maps 

bs{v) = {T.y^^^,u^^s) Vs = 0, ...,(T) 
such that the following properties are satisfied. First, for all sG [(^)], 

Kiv) = <) i^b^) ^^d ^-A^li.)) = M^t)^evpib). (4.1) 

Second, for all sG [{T)], 

Uv,s ^ 6xp^^ _^C,u^s 
for some Cv,s £ rB{bs{v)) s.t. \\Cv,s\l p^^<C{b)\v\^/P, 



(4.2) 



where 
Third, 



where 
and 



bs{v) = (S„^^^ , Uvs) , ■u^^s = Us+1 o qv,-{r)+i-s- 

for some Cv,o ^ '^B{bo(v)) s.t. \\Cv,o\\^^p^i < C{b)\p{v) 



(4.3) 



is the modified gluing map corresponding to the parameter of (5(6)^" constructed in Subsection ?? 
of |Z5j . Finally, the maps v — > Ct;,s are smooth over J^^T^ and extend continuously over T^T^. 
These extensions satisfy 

Cm = VfeGZ^^°^(X;J), sG{0}U[(T)] and (4.4) 

C„,.|s5 =0 VuG^F^T, sG[(T)], /iGTO_i(i;). (4.5) 
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The homeomorphism of Lemma 12.41 is given by 

<l)T:^'rs^Tl%{F^,d-J)nUT, <Pri[v]) = [bo{v)]. 



Remark: The bubble maps bs{v) and bs{v) above correspond to the bubble maps 6s(/io('y) Cu.o)) 
and 6s(/io(f,Cw,o)) in Section ?? of |Z5j . where jlo{v,(v,o) is the perturbation of v constructed in 
Subsection ?? in IZ5I. 



4.2 Smoothing Bundle Sections, I 

In this subsection we extend all but the last step of the gluing construction summarized above to 
the cone Vf ;, over Mi,fc(P", d; J). 

In order to do this, we will use a convenient family of connections in the line bundles u*£, — > S, 
which is chosen in Lemma [4.1l below. First, if 6= (Eft, Ub) is a stable genus-one bubble map such that 
^fe|Si,.p is constant, gi, is a Hermitian metric in the line bundle u^H — >Sfe, and V^ is a connection 
in u^£, we will call the pair ((7, V)-admissible if 
((7VI) V'' is ^ffe-compatible and 9v, 6-compatible; 



{gV2) gb = gu, and V'' = V"' on S^, 
where gu^ is the Hermitian metric in u^£ induced from the standard metric in £. The second 
condition in (gVl) means that 

av,6 = I (v«^ + iv"'' o i) = 1 ( v'' + iv^ o j) , 

with notation as in ()1.12() . If the pair (5, V) satisfies ((7VI), the connection V'' is uniquely deter- 
mined by the metric gb- The second conditions in (5VI) and in {g'V2) imply that the bundle map 
'Dt does not change if it is defined using the connection V^ instead of V"''; see Subsection 12.21 

lib£u!^\F-^-J), 6GR+,iei, let 

^bA^) = { ih z) G ^b,i = {^} X 52 . 1^1 > 5-1/2/2} c Sb; 

d-A~.{6) = {(i,z)GSfe,i = Wx52. |^|^5-l/2/2| c s,; 

If v&J-T is sufficiently small, we put 

If se [(T) + l] and /iGX*_i, let 

Lemma 4.1 If n, d, k, a, and £ are as in Provosition \'j. 'A there exists Sn{d) gM"*" such that for 
every almost complex structure J on P", such that \\J—Jq\\(ji <6n{d), and a bubble type T as above, 
there exist 5,C gC{U't{¥'^''; J);M^) with the following property. For every 

V = (6, v) G .F^T/ and s G [(T) + 1] , 
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there exist a metric g^^s o-nd a connection V"'^ in the line bundle u*^ g^ — ^^w such that 

(1) all pairs {qv^s-,'^^'^) o-fe admissible; 

(2) the curvature of\I^'^ vanishes on S|J (26{b)). 

Furthermore, the maps v — > (5?j,s,V"'*) are Aut(T) oc {S^Y -invariant and smooth over T^T^ . 
They extend continuously over J^^Ts. The extension satisfies (1) and (2). In addition, 

{gb,s,V'n = (<?Mr>+i>V^'<^>+i) v6g4°)(P"; J), se[{T)]; (4.6) 

{9v,s,V-'n\j:n =C;(T>+i-.(5.,«+i.V-'«+i)|^, VsG[(r)], hell,{v). (4.7) 



This lemma is an analogue of Lemma ?? in |Z5j for the bundle £ and is proved in a similar way. 
Let /3 : M^ — > [0, 1] be a smooth function such that 

^' [1, ift>2. 

If reM+, let (3rit) = (3{t/^/¥). We define /36GC°°(Sfe;M) by 

Pb{z) -- 



1, ifzeJ:b,i, iex°{ry, 

l-PsibMz)/2), ifzGSfe,i, iGx(T); (4.8) 

^0, otherwise, 



where r{z) = \qg {z)\ ii qs : C — > S"^ is the stereographic projection mapping the origin to the 
south pole of S'^. In other words, /?b = l on T,^{26{b)) and vanishes outside of T,^{85{b)) CSfc. Let 
l3v = Pboqv 

For sG [(T) + l], h(zl*_i, and v^J-^T^, we use parallel transport with respect to the connection 
V"'''^ along the meridians to the south pole of the sphere S^ to identify u* ^-C over S„' , (85(6)) 
with the trivial holomorphic line bundle 

S(5j(8<5(6))x£,,^(,). 

A connection V'^'* with the desired properties can then be found by solving an equation of the form 

de = (5.,n,^h, 0(oo) = O, 0gC~(S^J^(85(6));C), (4.9) 

where ri„^/iGC°°(S«' (8(5(6)); C) is determined by v and satisfies 

\\^v,h\\v(s),v < C{b)5{bf'P. 

This bound follows immediately from the definition of the set x{'^) ^"^^ (|4.2|1 . The equation (|4.9|1 
can be viewed as an equation on T/^ , which is a two-sphere with the metric 5„, , arising in 
the pregluing construction. If 5{b) G M+ is sufficiently small, (|4.9|) has a unique solution 0„ /i G 
C°°(S^ ;C). The curvature of the connection 
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then vanishes on T,y' {26(b)). 

Let Qv^h be the metric in u* gXil^fe obtained by patching the flat metric in ■u* gUl^hio (og(jj)\ induced 
via parallel transport from oo G S^ with respect to V'^''^ with the metric ga^ ^ over 



We put 



S:5;0^ (85(6)) -S^JjO (45(6)). 



bsivj 




Since S? is the union of the components of 5]„, , that are not in 5](5 for any /iGX*„| by (|4.1() . 
the metric (^^^s on u* ^H is well-defined. In particular, the two definitions agree at the node of S(5 . 
Let V"'* be the 5v,u„,s"Compatible and (/„^s-compatible connection. By construction, V"''* = V"''^ 
on S„' (25(6)). Thus, the pair {gy^g,'^^'^) satisfies the requirements (1) and (2) of Lemma 14. 11 By 
construction, the map v — > ((7„^s, V"'*) is Aut(T) ex (5^)^-invariant and smooth. Since the maps 
V — > (y^s extend continuously over J^^Ts, so does the map v — > {gy^s,^^''^), as can be seen by 
an argument analogous to Subsections 3.9 and 4.1 in |Z3j . It is immediate from the construction 
that (|0)) is satisfied, while (IITTI) follows from (g^J. 

For each s£ [{T)], we will next choose a family of identifications 

which is smooth in v on T^T^ and in z. If z G S„! , (25(6)) for some /iGX*_]^, let 11^^^ and n^'^z 
be the parallel transports in the line bundles u* <,£ and tt* g£, respectively, along a path from 
oo to z in S„' (25(6)) with respect to the connections g* ■i'j\j^\_^'"'^^^ and V^'**. Due to the 
requirement (2) of Lemma 14.11 these parallel transports are path- independent. If z G 5]„, , and 
^Gn* ^Xilx, we require that 



n,: 



'^, ifzGSO^(^); 

n^:.{n^%}"'^. ifzGS:5j(5(6)), /iGJ,*_i; (4.10) 

[n^„_^(,)e, ifz0S:5j(25(6))V/iGJ*_i. 



We patch the last two identifications in 1)4. 1U() over S„' (25(6))— Si,', (5(6)), using a cutoff function 
constructed from /3. Let 

be the operator induced by the maps n„ ^l^. We note that if 



^Gf„(u(,);i:)=kera^ 



h{vy 



then {n^^} ^^ is a holomorphic function on S^,J^, (25(6)), since covariant differentiation commutes 
with parallel transport due to (2) of Lemma l4. 11 
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For beUPiX; J), sG [(T)], and /iGX*-i> let 
If i;GJ^ir/, s£[{T) + l], and hel*_^, we put 



For each tti G Z+ , we define 

wfi IS iiic suaiiuaiu iiuiuiiiuipiiiu uuuiuiiictLC aiuuiiu u(j iii ^ 
phisnis 



where Wh is the standard holomorphic coordinate around cx) in T,^ . We will construct isomor- 



R^,s ■■ r_ (6; £) = ker av,6 -^ P- (t;(s> ; -C) V s G [(T)] 
such that the following properties are satisfied. First, for all h&I*_^, 

R^,s^erh;-{vt^sy,^) y^erh;-{b;£). (4.ii) 

Second, for all h£l*_i, 

^ilRv,sC = ocsApsA^y^^)= Y.PhA^^^'^'^^ VCGr_(6;£). (4.12) 

Finally, the maps v — > Rv^s are smooth over T^Tf and extend continuously over T^T^. These 
extensions satisfy 

i?„,,|6 = id: V^(b-Z) -^ T^(b-Z). (4.13) 

In order to construct isomorphisms R^^s^ we observe that certain operators are surjective. If 
b^uf{X-J), sG[(T)], /iGJ*_i, and \wh\^^~^hr\h. let 

r;,._(6;i:;K]) = {i^Ty,,^(b-Z): a,,h(wh-i) = ^]. 

We denote the L^-orthogonal complement of r/i;_(6; £; \w\^ in Vh-^^{\)\ £) by r^._(6; £; [tf/i]). Since 
S^J" is a genus-zero Riemann surface and the degree of u\£j over every component of Yj^ is nonneg- 
ative, 

i/i(S^;{ufe|sh}*i:®0(-z)) = {0} V 2GS|^*, 

where S^* C S|j is the subset of smooth points. Thus, the operator 

a^,,:r,(6;£)^r°/(6;£) 
induced by 5v,fe is surjective. Similarly, since the degree of u^HJej^^ is positive for all iGx('^)) 
i?i(S^;Kl2.r£0O(-2z)) ={0} VzGSrnS^ 
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Thus, for every element Wh^^h'^lb, the hnear map 

as;h{wh] ■) : r/i;_(6; £) — > £evp(fe) 
is surjective. In particular, 

as;h{wh; ■) ■■ rh;-(^; -2; [^h]) — > ^cvp(b) 

is an isomorphism and 

C(6)-Vh||CI < |a.;„K;C)| < C{h)\whm V ^ G r^;_(6;£; M), (4.14) 

for some CeC{UT{¥"- J);M+). 

If v^T^T^, sG [(T)], and h(^Z*_^, we denote by r/j(t;^g^;£) and F^' {v(^gy,£) the completions of 
the spaces 

{eGrB(6.(r;);£): els„^^^-SS^^^ =0} and {r?Gr^i(6,(t;); £) : 7?|s„^^^_2.^^^ =0} 

with respect to the norms || • H^,,^, p,i and || • ||w,^),p, respectively. Let 

rh._{v(^s) ; £) = r„ {v(^s) ; £) n T/j (u^^) ; £) , where 

We denote the L^-orthogonal complement ofTh._{v(^s)]^) in r/j(f^^^;£) by r/j.+(f ^5^;£). By H4.2|l 
and the same argument as in Subsection 3.5 in |Z3j . 

cW"'lieil.<.),p,i<P^,6.HeL^^^,p<c(6)iieii.(,^,p,i ycGT^,+iv^sy,ii) (4.15) 

for some Cg C(^/r(IP"; J);M+), provided (5g C(Z^r(F"; J);K+) is sufficiently small. In particular, 
the operator 

is an isomorphism. On the other hand, by the construction of the map qvs;(T)+i-s iii Subsection 2.2 

of [zHl, 

. ;,^ - (4.16) 

and 5v,b,(„)(Cog«,;(r>+i-s)lso =0 V ^Gr_(i;(3+i);£). 

Thus, by the analogue of (|3.2() for Cv,s, there exist unique linear maps 

e„,^;/i : f_ (i;(^+i) ; £) — > r/j;+ (r;(5) ; £) , he I*_i , 

such that 
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Furthermore, for all ^Gr_(t;^s+i^; £) and /iGT*^^, 

£i)s-?;(0 1 ^ C(b){\\C) .ilTh 1 K ki; ii\»l 



+ ||5v,fe4,;)(eo9«.;(T)+l-s)|E5^^^ IL(.>,p)- 

In addition, for all h, h' Gl*_i such that h'^h, 

£v,s;h{C) = VeEf;,._(u(,+i);£). 

The expansion in Lemma 14.21 below is a key step in constructing the homomorphisms Ry^s with 
the desired properties. For every h£l*_^ — x{T), let 

x'dT) = {h'ei:ih' = h}. 

If beu!^\F''; J) and /i'ex'/,(T), we denote by 

Xh'{b) G C = Ef,_/i-{oo} 

the node shared by S;,jj and T<b.h'- 

Lemma 4.2 // n, d, k, a, and £, are as in Proposition \^^ there exists 6n{d) £ M+ such that 
for every almost complex structure J on P", such that \\J — Jo\\(ji < 5nid), and a bubble type T 
as above, there exist 6, C £ C {Uq-{¥'^; J);R'^) such that the requirement of Lemma \4-1\ is satisfied. 
Furthermore, for every v = {b,v)£j^^T^ and sG [{T)], there exists an isomorphism 

such that 

PU-nc.,.(e°9(r>+i-.)L^^^^^^^ < Cib)\v\'/PUK^^^^^^^ V^Ef_(t;^,+i);£); (4.18) 

i?;,,eef;,;_(t;(,);£) y^GTh-Ayis+iy,^)- (4.19) 

In addition, there exist homomorphisms 

e„,fe;j: f„(t;(s+i);£) — > £cvp(fe), heI*_inx'{T), iexh{T), 

such that for all ^Gr^{v(^s^iy,2,), hGl*_^nx^{T), andiGXhC^), 

|e.,h;^(e)|<C(6)|i;|i/P||^||,^^^^^,p,i and 

^il{Ks^}= E-^'^2i;.'^+ Ep^^^(-)'^^ao. ^^-20) 

Furthermore, the maps v — > R'v s '^'^'^ "^ — * £v,h;i o-fs Aut(T) oc (S^) -invariant and smooth 
over J^^Tg . They extend continuously over T^T^. These extensions satisfy 

R[^, = id yb^uP{r';J) and £„,/,;, = y hel^,_^{v), i^XhiT). (4.21) 
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Isomorphisms R'^ ^ satisfying ()4.18|) and ()4.19|) have already been constructed. The estimate ()4.2Up 
is obtained by applying the integration-by-parts argument in the proof of Theorem 2.8 in |Z2j to 
the holomorphic functions 

The homomorphism £v,h;i is given by 

e.^hM = ^ / {{^X}-'e.MO]{^^)^, (4.22) 

[s) ' 

where Wi is the coordinate on a neighborhood of the circle d^A^ ii^ib)) induced from the standard 

(s) ) 



holomorphic coordinate centered at oo in S{,,i = 5'^; see the proof of Lemma ?? in |Z5j for details. 
By the continuity of the maps 

V -^ C^,s, V^'^ 

over fi^Ts and the same argument as in Subsection 4.1 of |Z3j . the homomorphisms £v,s;h extend 
continuously over T^T^. Thus, by (|4.22|) . the homomorphisms e^^h-.i also extend continuously 
over f^Ts. By ^^, (|T7I), and (jITTl) . 

This observation, along with 1)4. 22() . implies the second claim in 1)4. 21() . The first claim in (|4.21|) 
follows from l|4.4j) , (|4.(i|) , and the construction of i?(, ^ . 

Suppose V = {b,v) ^ T^T^ , sG [(T)], and we have constructed an isomorphism 
that satisfies (|I?TT|) - (|I?T^ . We note that for every sG [(T)] and h^Il_^r\x~{'T), 

Ps;h{'^) = ivh'Ps+l;h'iv))^^^^^ V V= {b, (Ui)igHU/) ^ ^'^ ' 

Thus, by 1)4.11(1 and (|4.12p with s replaced by s+1, (|4.19() . and (|4.2U() . there exists a homomorphism 

Sv,s;h- dhT — ' Hom(r_(6;£),£evp(fe)) 
such that 

\e^,s;h\<C{b)\v\'/P, e^,sAwh;O = ywhedhT,^erh';Ab;£),h'ei:^,-{h}, (4.23) 
2>S{<.^t.,.+ie} =«s;/.(ps;hM;0 +ev,sApsA^y^^) V^Gr_(6;£). (4.24) 

We note that for h £l*_^ — x~{'^), the existence of such £^^s;h is immediate from (|4.12() with s 
replaced by s+1, ()4.18|) . and (|4.19p . Let [/Os;h(^)] denote the image of Ps;h{v) under the projection 
map 3^/1 '^'-{0} — ^Fg'/iT. Since 



a. 



.h{wh\-):Ti_{b;2,][ps-h{v)\) — > £evp(6) 
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is an isomorphism for each /iGT*_^, by the first bound in H4.23() . ()4.24|1 . and (|4.14j) there exists a 
unique homomorphism 

^i^,s;h-T.{b;£)-^Ti^_{b;2;[ps;h{v)]), 
such that 

^il{K,s^v,s+l{^ + f^v,s;h{0)} = asApsA^y^^)- (4-25) 

Furthermore, by (|ITTH) and (g^Sl), 

\f^v,s;h\ < C{b)\vAP, ii,,sAO = y^eTh';-ib;^), h'ei:_^-{h}. (4.26) 

We define 

i2„,,: r_ (5; £)^f _(!;(,);£) by R^,s{0 = RARv,s+i{( + J^ Ai„,.;h(0) • 

By 1)4. 11() with s replaced by s+1, ()4.19p . and the second statement in H4.26p . Ry^s satisfies 1)4. lip . 
Since 

Rv,s satisfies (|4.12p by (|4.25l) . along with 1)4. 11() with s replaced by s + 1, 1)4. 19|) . and the second 
statement in ()4.26p . 

It remains to show that for every h^I*_i the family of homomorphisms 

extends continuously over T^T^. Each homomorphism e^^s-^h of the previous paragraph extends 
continuously over J-^T^, as this is case for the homomorphisms £v,h;i by Lemma 14.21 Furthermore, 

eM;/^ = V6G4°HlP";'^)>eT:_i, and £„,.;/, = y v^T^Ts, h&I^^_^{v). (4.27) 

The first claim above follows from (|4.13)) with s replaced by s+l and first statement in (|4.21j) . The 
second claim in (|4.27() follows from the second statement in 1)4. 21() . If t; G ^^7^ and h G X*_]^— X^_ ^ (u) , 
we define pv,s;h as in the previous paragraph. This extension is continuous at v since ev,s;h is. If 
h G Z^_^(y)^ we take fJ-v,s;h = 0. This extension is continuous by the continuity of £v,s;h o,nd the 
second statement in (|4.27|) . Finally, R^^s satisfies (J4.1H|) by the first statement in (|4.27|) . along with 
1)4. 13(1 with s replaced by s + 1 and the first statement in 1)4. 21() . 

Remark: The key point in the previous paragraph is the second statement in 1)4. 27|) . because the 
lines r^._(6;£; [ps-.hiv)]) may not extend continuously over T^T^. 

Corollary 4.3 If n, d, k, a, and £ are as in Proposition \S.,'^ there exists 5n{d) G M^ such that 
for every almost complex structure J on P", such that ||J — Jo||ci <5n{d), and a bubble type T as 
above, there exist 5,C (zC{Ut(¥"; J);M'^) such that the requirement of Lemma \4.1\ is satisfied. In 
addition, for every v = {b,v)£j^^T^ there exists an isomorphism 

Ry^i:T^{b;£)^f^{vny,£) 
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such that for every ^£T^{b;il), HgZq, and e£{0, 25(b)), 

Mlc^iA- J<5(fe))),3. 1 < Cib)\pi;hi'^)\ ■ U\\b,p,i, and (4.28) 

{{Ul^].}-'Rv,iC}iwh)^ = 27Ti ^ PhAv)^r4^ (4.29) 



IV^'^a, 



i 



d-A- .(e) UJh ■r-ln-\ 



where Wh is the standard holomorphic on the neighborhood of oo in Ti^.^.h = S. Finally, the map 
V — > Rv,i is AMt[T) (x{S^y -invariant and smooth on T^T^ . It extends continuously over T^T^,. 
This extension satisfies 

Rb,i = id V6eZ^^°^(P"; J). (4.30) 



The homomorphism Rv,i constructed above satisfies the extension requirements of the corollary. 
Since {n.^^.}^^Rv,i^ is holomorphic on A~ ^(e), 1)4. 29|) is equivalent to the s = l case of (|4.12p . 

It remains to verify 1)4. 28|) . Let 

For each /i G Tq and z G Si,J^^ (5(6)), we denote by Iloo^i the parallel transport in the line bundle 
u* £ along a path from oo to 2; in S„' ((5(6)) with respect to the connection q^.-^^'V"'^'^'^^- By 
the construction of the homomorphism Ry^i above, 

fe!.}-'^.,ie|^o^ (,(,)) = {n:^:?}-'(eog.(,>)|^.,o^(,(,„ +..(6 veGr_(6;£), 

for some homomorphism 

e„:r_(6;£) ^C-(S:;|0^(<5(6));£evp(6)) s.t. 

lk-(?)Lo(Er ism ^ C!{b)\v\'/PmU,p,i VeGr_(6;£). 

Thus, by the same integration-by-parts argument as in the proof of Theorem 2.2 in |Z2j . there exist 
homomorphisms 

4')^..: r„(6;£) -^ £,,^(,), V heI*o, iexh{T), /GZ+, 

such that for ah hGl^, i£Xh(X), l,meZ'^, and ^Gr_(6;£) 

«=i ^ ^ iexhir) 
The number Xi{v) G C is given explicitly in the paragraph preceding Lemma ?? in |Z5j . It is close to 

Xh'{b) £ C = T,h^h — {oo}, where h'<i,ih' = h. 

The estimate (|4.28p is obtained by summing up the derivatives of R^^iS^lj^h at 00 with the appro- 
priate coefficients, using H4.c{l|) : see the proof of Lemma 4.2 in |Z4j for a similar argument. 
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4.3 Smoothing Bundle Sections, II 

In this subsection, we take the inductive construction of the previous subsection one step further 
to define a homomorphism R^ = Rv,o- However, in this case we will encounter an obstruction 
bundle. The homomorphism Ry will not extend continuously over J^^T, but its restriction to a 
cone contained in Vf f^ will. 

We first recall certain facts concerning the modified gluing map 

Qvo;{r)+l ■ ^v > S^^^^ 
corresponding to the parameter d{b)^''^ , as constructed in Subsection ?? of |Z5j . Suppose 

The map qvo;(T)+i is biholomorphic outside |H| thin necks Ay^h, with /iGH, of (S„,(7„) and the |/i| 
annuli 

Ab,h = Afjf^ U Af^^i^, 

with /iG/i, where 

are annuli independent of v. In addition, 

, (4-32) 

u„,i - , J X = const V/ie/i-Xo, Uv,i\d ,^^^,(A+ )=^°^^^ V/iGJo; 

Qvo;{T)+i{A^,h)'^A-^^^,^{\vh\'^/6{b)) and ||(ig„o;(r>+i||cO(^-j ^ <^(^)l^/^l V /iGXo, (4.33) 

if the C'^-norm of d9,jo;(r)+i is computed with respect to the metrics g^ on S„ and g^ on S^.^, . 
Furthermore, 

\\dqvo;(T}+i\\co<C{b). (4.34) 



We now proceed similarly to the previous subsection. If v ^T^Tf ^ we denote the completions of 
the spaces 

r(S„;<^0'C) and r(S„; A°;^r*S„0<^O'C) 

with respect to the Sobolev norms || • \v,p,\ and || • \y^p by V[v\Sj) and V^'^(y\Sj). Let 

r_(t;;£) = {iJ^O^: ^Ef_(t;(i);£)}, where K,oC = ^o^«o;(r)+i- 

Let i?„,o = K,o^",i- By (1121, dUSl, and Wm^ . 

||^v,6oH<oeL, < C(6)|p(t;)|||^||„^,^,p,i 

4.35 
< C'(6)|/;(i;)|||K,oC||„,p,i V^Gr_(t;^i);i:). 

Let r+(t;;il) denote the L^-orthogonal complement of r_(f;£) in V{v\Z\ Similarly to (|4.15l) . 

C(6)-i||e||.,p,i<||av,6o(„)eL,p<C(6)||C|k,p,i VCGr+(t>;£) (4.36) 

39 



for some CGC(^/r(lP"; J);K+), provided <5g C(^/r(IP"; ^);K+) is sufficiently small. Let r^^(t;;£) 
be the image of T^{v;£) under 9v,feo(^)- 

In contrast to the previous subsection, the operator Sy ;,(j(^;) is not surjective. We next describe a 
complement of F^ (y,^) in r'''^(f;£). Since the operator 9y ^ is surjective, the cokernel of d\7,b 
can be identified with the vector space 

where TCt-^p is the space of harmonic antilinear differentials on the main component S^.p of S^. If 
J^ 7^ 0, i.e. Sfc;P is a circle of spheres, the elements of TCb-^p have simple poles at the nodes of T,b-p 
with the residues adding up to zero at each node. Since the Riemann surfaces S„, with vGJ^^Ts, 
are deformations of St, with b^Uj- (F"^; J), there exists a family of isomorphisms 

^vfp- '^b;P — ' 'Hv-p = 'Hbo(v)-p, v = {b,v) G J^^Ts, 
such that the family of induced homomorphisms 

nb;P -^ T^'Hv-xr, {RlfpvUr]') = {{Rltpv,v'h yv^nb;P, v'^r'^Hv;<c), 

is Aut(T)oc(S'"'^) -invariant and smooth on J^^T^, continuous on T^T^^ and 

R^^\ I b = id -ib^uf (P" ; J) . (4.37) 



With notation as in (jlH), we define /3feGC~(Sb;]R) by 

h{z) -- 



1, ifzGSb,i, iGx°Cr); 

l-/35(fe)(^(^)), if2;GSb^i, iExC?"); 
0, otherwise. 



In other words, /?;, = 1 on SjJ((5(6)/2) and vanishes outside of S^(2(5(6)) C Sf,. Let /?„ = (3b°Qv If 
zGS^(2(5(6)), we denote by II"' the parallel transport in the line bundle n* q-C along a path from 
xGq~ ./q-\,i(^vny,p) to z in S°(2(5(6)) with respect to the connection g* -m . iV'^'^. For each 

v={b,v)eP^T^ and r/GF°;^(6; £), (4.38) 

let i?„' r/GF°'^(f; £) be given by 

The image of Fj (6; £) in F'''^(t;; £) is a complement of T_^ (v; £) in T^'^(v; £), as can be seen from 
Lemma 14.41 below. 



If 77 G Fj (6; £) , we put 
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where |??Uh(b) is the norm of rjlxhib) with respect to the metric gj^pi^b) on Sb;p. If v and r] are as 
in H4.38() and \\r]\\ = 1, we define by 

7r°f_:rO'i(t;;£)^r°ji(6;£) by 7r°:i_(77') = ((^',i?°'V>2^ ^ rj' gT'^'\v; 2). 

Since the space Fj (6; £) is one-dimensional, ttJ._ is independent of the choice of 77. We note that 
since p>2, by Holder's inequality 

\Kt-V'\\ < CmWW^^p Vry'GrO'i(t^;£). (4.39) 

Lemma 4.4 // n, d, k, a, and £ are as in Proposition \^^ there exists 6n{d) G M^ suc/i that 
for every almost complex structure J on F", such that \\J — Jq\\(ji < 5n{d), and a bubble type T 
as above, there exist 6,C £ C{Ut{^'^', J)',^^) such that the requirements of of Corollary \4-^ are 
satisfied. Furthermore, with notation as above, for all v = {b,v)£fi^Tg , 

7r°f_av,feoH^^.,oC = -2v^i^T(C®pM) VeGr_(6;£); (4.40) 



0,1 



}<]-dvMvM ^ Cibmym\\v,p,i VeGr(T;;£). (4.41) 

Finally, the map v — >7r„!_ is Aut{T)(x{S^) -invariant and smooth on T^Tf . It extends continu- 
ously over T^Ti,. 

The identity ()4.4Up requires the restriction on the homomorphisms Fl^.p and identification of gluing 
parameters described in Subsection ?? of |Z4j . It follows from ()4.29|) by the same integration-by- 
parts argument as used in the proof of Proposition 4.4 in |Z2|| . The estimate ()4.41() is obtained by 
computing 9y j^ (v)^v Tt s^e the proof of Lemma 2.2 in |Z2j . 

With notation as in the two previous subsections, let 

be the V-parallel transport along the geodesies r — >eKp^^ ^(^^^Cv,o{z), with rG [0, 1]. We put 

L„,o = n-i^oa^^^^^(^^onc„„-av,,o(„) :r(t;;£) ^rO'^(i;;£); 
f'_(t>;i:) = {n-^i^C: ?£?_(!;;£)} C ^(^;;£). 

We denote by 

7r„;„:r(i;;£) — >T.{v;£) and #„;_ : r(t>; £) — >r'_{v;£) 

the L^-projection maps. Let r'_{v;£,) be the image of r'_{v;£) under 7r„;_. By the analogue 
of (Em) for C,;,o and dtsj, 

\\L^,oC\l^p<C{b)\p{v)fmkp,i VeGr(t;;£). (4.42) 

By (|0^ . (|OH|) . and (lO^ . 

\\^-^v;-C\l^^^,<C{b)\p{v)\Uh,p,i yCer'_{v;il). (4.43) 
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By ^n^\ - Km . 

|Sr(C®pM)| <C(6)|p(t;)|'||ii„,oelk,p,i Vi?,,oeGr'_(u;£). (4.44) 

For each beU^ (¥"';J) and [w]£¥^T\b, let 

Similarly to the previous subsection, the map 1)t is surjective. Thus, the L'^-orthogonal com- 
plement Tjz{b;£,;[w]) of T-{b;£,;[w]) in r_(5;£) is one-dimensional. Furthermore, there exists 
C7e C(^/r(P"; J); K+) such that 

C{b)-^\w\ ■ m\b,p,i < |Dr(e®^)| < C{b)\w\ ■ U\\b,p,i V ^er^{b;£; [w\). (4.45) 

lfveT%^, let 

r_(u;£; H) = {^«,o^ CGr_(6;£; H)} C r_{v;Z). 

We denote by Tjz{v; £,; [w]) the L^-orthogonal complement of T^{v; £,; [w]) in r_(t;; £). Since Ry^ 
is close to an isometry on r-(6; £) with respect to the L^ and L^-norms, 

\^r{C0w\>C{br^\w\\\RyfiC\\y,p,i y RyC^r^{v;Z;[p{v)]), (4.46) 

by (|OS)) . We note that 

dimr_(t;;£;[/9(z;)]) = dim f '_(!;;£) = dimr'_(i;; £). 

Thus, by 1)4. 43() . 1)4. 44() . and ()4.46p applied with w = p{v), the map 

is an isomorphism. Furthermore, 

\\i-T^vAL^p,i<C{b)\p{v)\mU,p,i yi&T_{v-^-Mv)])- (4.47) 



libeUP {¥''■, J), let 



f_(6;£) = {CGr_(6;£):S)r(C«)U') = 0Vu'G^iT|b}. 



Corollary 4.5 // n, d, /;:, a, and £ are as in Provosition M^.ci there exists 5nid) € M^ such that 
for every almost complex structure J onF"", such that \\J—Jo\\c^ ^^nid), and a bubble type T as 
above, there exist 5,C £ C{U't{W'^; J); M"^) with the following property. For every v = (6, v) G J-^T^ 
there exists a homomorphism 

i?,: r_ (6; £)^f_ (!;;£) 

such that the map v — > R^ is Aut(T) oc (S^)^ -invariant and smooth on T^T^ . Furthermore, the 
map V — > ^v\t_(b-st) *'^ continuous on T^T^ and 

Rk = id V6g^/^°^(P"; J). (4.48) 
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If fG-F^T^ , the homomorphism R^ is defined by 

Since the maps 

V — > bo{v), Cd,o, Rv,o, r-(i;;£; [piv)]) 

are continuous over j^^Ts—p~^{0), this family of homomorphisms extends continuously over T^T^— 
/9~^(0), as can be seen by an argument similar to Subsection 3.9 and 4.1 in !Z31. This extension is 
formally described in the same way as the homomorphisms i?^ for v^J-^T^. On the other hand, 
if p{v) = Q, we put 

R^i = liu.Rvd = Rvd Veef_(6;£). 
The second equality above holds by H4.4|) . By H4.3U|) . the requirement H4.48|) is satisfied. 

It remains to check that the extension described above is continuous at every 

v* = {h\v*) eP^T5f^p-^{Q). 

We note that by (|07)) . 

i?„e = nc,,o(^«,oe+e«,o(6) VeGr_(6;£), t;E.Fir/, (4.49) 

for some homomorphism 

e„,o:r_(6;£)^r(r;;£) 

such that 

||e.,o(e)|L,p,i ^ C{h)\p{v)\m\,,,,r VeGr_(6;£;[p(t;)]). (4.50) 

Suppose Vr={br,Vr) ^T^T^ and ^rGr(5r;£) are sequence such that 

lim Vr = b* and lim ^r = T e r_(6*; £). 

r >oo r >oo 

Since T{br]£,)cT^{br;2] [pivr)]) and the maps 

y — ' boiv), Cvfl, Rvfl 
are continuous over J^^Ts, 

lim RvrCr = hm U^; {R^^fi^+e^^fi{^)) = R^C, 

r — >oo r — >oo ^ r,^ \ 

by (inU)) and (|13n)) . as needed. 

Corollarv 14.51 concludes the proof of Lemma 13.41 It remains to finish the proof of Proposition 13.31 
By Corollarv 14.51 Ry induces an injective homomorphism 

for b E Z^^i(P"; J) and [z;] = [b, v] E J^^T^. If U is an open subset of Z^r(F"; J) and W — >U is a 
smooth subbundle of Vf ^ | {/ such that 

^bCVf^;^l V6EC/nZYf.i(P";J), mE (max(|x(T)|-n,l),|x(T)|), 
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then the map [v] — ^Rm induces a continuous injective bundle homomorphism 

that restricts to the identity over U and is smooth over T^T^ . 

Finally, for each ra G (max(|x('?')| — n, 1), |x('?')|), let f7™ C Ut be a small neighborhood of 
ZY^i(P"; J) in Xi,fe(P",d) and let 



IA/'"^ I — V'^''" I anrl (A ^1 "l 



be a subbundle of V^^ such that 

<."rL C <fc7rl, V 6 G Z^?;;(P"; J)nC/^, m' E (max(|x(r)|-n, 1), \x{T)\). (4.52) 

By the next paragraph, such an extension of V|'™^L„ cpi-n *° UtO^"", J)(^U^ exists if U^ is 
sufficiently small. By the previous paragraph, the bundle homomorphism 

0r = 0wfr^ • ^:F'rs\u^i,k;r — ' ^i,k 



is continuous and injective, restricts to the identity over ^•2-;i(P"'; J)n [/r, and is smooth over 
T^Tf\u. We define the bundle 

Vf-^^M?,fc(P^d;J)n[7^ 



to be the image of (pV^. This bundle has the claimed rank by the last statement of Lemma 13.41 

W5?.i(P";J) 



The last condition of Proposition \'A.\\\ is satisfied by the definition of the bundles V^ '™^ 



following Proposition 13.31 The proof of Proposition 13.31 is now complete. 

We now prove the extension claim used in the previous paragraph. By definition, 

Since Vq- is a continuous bundle section, if [/ is a sufficiently small neighborhood of Z//™^(P"; J) in 
lAq- {¥'"'; J), there exists a vector bundle ^^T"^ — >U such that 

" Iw™- (¥"-J) ^ V -i \ijm. (■pn.j\ and tS -i \if (^ tS -i C ^fi . (4.5oj 

The neighborhood U and the bundle J^T™ can be chosen so that they are preserved by the actions 
of Aut(T)oc(S'"'^)^. We then define the vector bundle Wi^q- — *U by 

U = {[b]€UT-i{r'';J):b£U} and 

By the same argument as at the end of Subsection 13.31 W^ '™^ — > U is a vector bundle of rank 
da+l — m. By the middle statement of Lemma [3.41 and H4.53|) . this vector bundle satisfies the 
requirements (|4.51() and (|4.52l) . as needed. 
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